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Bugs

A software bug is an 
error, flaw or  fault in the 
design, development, or 
operation of computer 
software that causes it 
to produce an incorrect 
or unexpected result

1947

https://en.wikipedia.org/wiki/Computer_software
https://en.wikipedia.org/wiki/Computer_software


Software Verification

Correctness

Incorrectness

the aim is to prove the absence of bugs

the aim is to prove the presence of bugs



The need for verification

Friday, 24th June [1949]
Checking a large routine by Dr A. Turing.

How can one check a routine in the sense of making sure that it is right?



Why do we need to verify our code?
The code that exploded Ariane 5 rocket!



Ariane 5 Rocket Explosion (1996)
Caused due to numeric overflow error


Attempt to fit 64-bit format data into 16-bit space


Cost: $100M for loss of mission


Multi-year set back to the Ariane program


Read more at:

https://www.bugsnag.com/blog/bug-day-ariane-5-disaster/

https://www.bugsnag.com/blog/bug-day-ariane-5-disaster/


Unfortunately
It was one of the most serious but not the only one….

Boeing 747 Max Crashes 
 350 people died Toyota unintended acceleration

 4 people died 

https://www.cs.tau.ac.il/~nachumd/horror.html 

https://www.cs.tau.ac.il/~nachumd/horror.html


Costs of SW bugs

Software Fails Watch (Tricentis, 2017): SW bugs lead to $ 1.7 Trillion revenue lost. 


CISION PR Newswire (2020): SW bugs cost $ 61 Billion loss in productivity annually. 

https://www.tricentis.com/news/tricentis-software-fail-watch-finds-3-6-billion-people-affected-and-1-7-trillion-revenue-lost-by-software-failures-last-year/


https://www.prnewswire.com/news-releases/study-software-failures-cost-the-enterprise-software-market-61b-annually-301066579.html

Nissan Airbag Malfunction (2014) 
1 Million Vehicles Recalled 

Knight Capital Trading Glitch (2012) 
$ 440 M

https://www.tricentis.com/news/tricentis-software-fail-watch-finds-3-6-billion-people-affected-and-1-7-trillion-revenue-lost-by-software-failures-last-year/
https://www.prnewswire.com/news-releases/study-software-failures-cost-the-enterprise-software-market-61b-annually-301066579.html


Complexity of programs
Size of Linux Kernel Avg. Size of Android Apps 

always increasing!



Success stories

Some general approaches to Verification

Static analysis, Algorithmic Verification
I model checking (automata-based models)
I abstract interpretation (domain-specific model, e.g.

numerical)

Deductive verification
I formal models using expressive logics
I verification = computer-assisted mathematical proof

Some general approaches to Verification

Refinement
I Formal models
I Code derived from model, correct by construction

A long time before success

Computer-assisted verification is an old idea
I Turing, 1948
I Floyd-Hoare logic, 1969

Success in practice: only from the mid-1990s
I Importance of the increase of performance of computers

A first success story:
I Paris metro line 14, using Atelier B (1998, refinement

approach)

Other Famous Success Stories
I Flight control software of A380: Astree verifies absence of

run-time errors (2005, abstract interpretation)
http://www.astree.ens.fr/

I Microsoft’s hypervisor: using Microsoft’s VCC and the Z3
automated prover (2008, deductive verification)
http://research.microsoft.com/en-us/projects/vcc/

More recently: verification of PikeOS

I Certified C compiler, developed using the Coq proof
assistant (2009, correct-by-construction code generated by
a proof assistant)
http://compcert.inria.fr/

I L4.verified micro-kernel, using tools on top of Isabelle/HOL
proof assistant (2010, Haskell prototype, C code, proof
assistant)
http://www.ertos.nicta.com.au/research/l4.verified/

Some general approaches to Verification

Static analysis, Algorithmic Verification
I model checking (automata-based models)
I abstract interpretation (domain-specific model, e.g.

numerical)
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I formal models using expressive logics
I verification = computer-assisted mathematical proof

Some general approaches to Verification

Refinement
I Formal models
I Code derived from model, correct by construction

A long time before success

Computer-assisted verification is an old idea
I Turing, 1948
I Floyd-Hoare logic, 1969

Success in practice: only from the mid-1990s
I Importance of the increase of performance of computers

A first success story:
I Paris metro line 14, using Atelier B (1998, refinement

approach)
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I Flight control software of A380: Astree verifies absence of

run-time errors (2005, abstract interpretation)
http://www.astree.ens.fr/

I Microsoft’s hypervisor: using Microsoft’s VCC and the Z3
automated prover (2008, deductive verification)
http://research.microsoft.com/en-us/projects/vcc/

More recently: verification of PikeOS

I Certified C compiler, developed using the Coq proof
assistant (2009, correct-by-construction code generated by
a proof assistant)
http://compcert.inria.fr/
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assistant)
http://www.ertos.nicta.com.au/research/l4.verified/



The main question

Will our program behave as we intended? 


We need to analyse all executions of the program


The semantics of a program is a description of its run-time behaviors


Checking if a software will run as intended is equivalent to 

checking if the code satisfies a (semantic) property of interest



Forward semantics for deterministic programs

A program
𝖼

[[𝖼]]σσ
Input store Output store

[[𝖼]]σ = ⊥σ

[[𝖼]] : Σ → Σ⊥Denotational semantics

Non terminating  execution

We start from input state  and we want to characterise the reachable output states  σ



Example

  
while (n>1) {
   n := n+1;
   x := 0;
}
x := n-1;

c ≜
 =[[c]][𝚗 ↦ 1]

 =[[c]][𝚗 ↦ 2]

[𝚗 ↦ 1, 𝚡 ↦ 0]

⊥



Collecting semantics for deterministic programs
A program

𝖼
[[𝖼]]σσ

Output store

[[𝖼]]σ = ⊥σ

[[𝖼]] : Σ → Σ⊥Denotational semantics

Collecting semantics [[𝖼]] : ℘(Σ) → ℘(Σ)

[[𝖼]]P = ⋃
σ∈P

[[𝖼]]σ

P
Input stores



Example

  
while (n>1) {
   n := n+1;
   x := 0;
}
x := n-1;

c ≜

 =[[c]](𝚗 > 0) {[𝚗 ↦ 1, 𝚡 ↦ 0]}

 =[[c]](𝚗 > 1) Ø

 =[[c]](𝚗 ≥ 0) {[𝚗 ↦ 1, 𝚡 ↦ 0],
[𝚗 ↦ 0, 𝚡 ↦ − 1]}



Ideal exact analysis

[[c]]P
∈? [[c]]P

[[c]] : ℘(Σ) → ℘(Σ)

𝒫(c) ≡ ∀P . ∀σ ∈ [[c]]P . σ(x) ≠ 0

semantic property of a program: a property about [[c]]



Undecidability in the way

Rice theorem. 

Let   be a non trivial semantic property of programs  . 

There exists no algorithm such that, for every program  , 

it returns true if and only if   holds true 


no analysis method that is automatic, universal, exact !

𝒫(c) c
c

𝒫(c)

non trivial property:  
- there exists a program  such that  holds true

- and there exists also some program  such that  is false 

c 𝒫(c)
c 𝒫(c)

algorithmic for any program no false positive/negative



For some program…

  
x := 1;

𝒫(c) ≡ ∀P ≠ ∅ . ∃σ ∈ [[c]]P . σ(x) ≠ 0

c ≜



and for some other program…

  
while (n>1) {
   n  = n+1;
   x := 0;
}
x := n-1;

𝒫(c) ≡ ∀P ≠ ∅ . ∃σ ∈ [[c]]P . σ(x) ≠ 0

c ≜



Collatz's conjecture
<latexit sha1_base64="hqcWo7qt3SaHiEUV1ReGPGw+jCQ="></latexit>

f(n)
M
=

8
<

:

1 if n  1
f(n/2) if n 6= 0 ^ n%2 = 0
f(3n+ 1) otherwise ∀n, f(n) = 1

<latexit sha1_base64="dEsUQ9ihNuEDcalbFCnHYsECoMk="></latexit>

f(12) = f(6) = f(3) = f(10) = f(5) = f(16) = f(8) = f(4) = f(2) = f(1) = 1



but for Collatz’s conjecture?

 
while (x>1) {
   if (even(x)) { x := x/2; }
           else { x:= 3x+1; }
} % does it terminate for any value of x?

𝒫(c) ≡ ∀P ≠ ∅ . ∃σ ∈ [[c]]P . σ(x) ≠ 0

c ≜



Limitations of the analysis

no analysis method that is automatic, universal, exact !


We need to give something up:


automation:  machine-assisted techniques


the universality “for all programs”:   
targeting only a restricted class of programs


claim to find exact answers: introduce approximations



You can't have everything at once



Over approximations

false positive

Good for proving correctness

true positive

Bad for bug-findings !

[[c]]P

[[c]]P

true negative



Example

 =[[c]]ov(𝚗 ≥ 0) {𝚗 ∈ {0,1}, 𝚡 ≤ 0}

  
while (n>1) {
   n := n+1;
   x := 0;
}
x := n-1;

c ≜
 =[[c]](𝚗 ≥ 0) {[𝚗 ↦ 1, 𝚡 ↦ 0],

[𝚗 ↦ 0, 𝚡 ↦ − 1]}
Correct

y := 1/(x-2);

Undefined behaviour for 
x= 2

We can prove correctness!!

∉ [[c]]ov(𝚗 ≥ 0) ⟹ ∉ [[c]](𝚗 ≥ 0)



Example

 =[[c]]ov(𝚗 ≥ 0) {𝚗 ∈ {0,1}, 𝚡 ≤ 0}

  
while (n>1) {
   n := n+1;
   x := 0;
}
x := n-1;

c ≜
 =[[c]](𝚗 ≥ 0) {[𝚗 ↦ 1, 𝚡 ↦ 0],

[𝚗 ↦ 0, 𝚡 ↦ − 1]}
Correct

y := 1/(x+2);

Undefined behaviour for 
x=-2

∉ [[c]](𝚗 ≥ 0)

∈ [[c]]ov(𝚗 ≥ 0)
False Positive



Under approximations

true positive
[[c]]P

Good for bug-findings !

Bad for proving correctness

[[c]]P
false negative

true negative



Example

 =[[c]]un(𝚗 ≥ 0) {[𝚗 ↦ 1, 𝚡 ↦ 0]}

  
while (n>1) {
   n := n+1;
   x := 0;
}
x := n-1;

c ≜
 =[[c]](𝚗 ≥ 0) {[𝚗 ↦ 1, 𝚡 ↦ 0],

[𝚗 ↦ 0, 𝚡 ↦ − 1]}
Correct

y := 1/(x);

Undefined behaviour for 
x=0

∈ [[c]](𝚗 ≥ 0)
We can prove there is an error !!
∈ [[c]]un(𝚗 ≥ 0) ⟹



Example

 =[[c]]un(𝚗 ≥ 0) {[𝚗 ↦ 1, 𝚡 ↦ 0]}

  
while (n>1) {
   n := n+1;
   x := 0;
}
x := n-1;

c ≜
 =[[c]](𝚗 ≥ 0) {[𝚗 ↦ 1, 𝚡 ↦ 0],

[𝚗 ↦ 0, 𝚡 ↦ − 1]}
Correct

y := 1/(x+1);

Undefined behaviour for 
x=-1

∉ [[c]]un(𝚗 ≥ 0)

∈ [[c]](𝚗 ≥ 0)
False Negative



Proving Correctness: forward 

P

[[𝖼]]P Q⊆
?

A program
𝖼

Q
∀σ ∈ P . [[c]]σ either does not terminate 

or terminates in Q



Proving Correctness: backward

P

P wlp(c, Q)⊆
?

A program
𝖼

Q
wlp(c, Q) = {σ ∣ [[c]]{σ} ⊆ Q}

Dijkstra’s  weakest liberal precondition

[[𝖼]]P Q⊆



Nondeterministic programs

[[𝖼]] : Σ → ℘(Σ)σ

Some programs may exhibit nondeterministic behaviour 

(lack of information, approximation, programming constructs )c1 + c2

[[𝖼]]P Q⊆
all the outputs starting from   either do non terminate or terminate in Qσ ∈ P

P ⊆ wlp(c, Q)

A program 𝖼



Example

  
Divisor_of(x)
{
…
s := nondet[2..x/2];
if (x%s=0)
    skip 
else    
    while true do skip
}

c ≜ = {𝚡 = 35, 𝚜 ∈ {5,7}}[[c]][𝚡 ↦ 35]



An example: non-termination analysis

σ

Given a program  and an input store  does  ? 𝖼 σ [[𝖼]]σ = ∅

Using over-approximation: we try to prove      [[𝖼]]ovσ ⊆ ∅

Using under-approximation: we try to prove  for some   [[𝖼]]unσ ⊇ Q Q ≠ ∅

Non 
termination

Termination

𝖼



What we will see
Forward Backward Over-approximation Under-approximation

Hoare Logic (HL) X X

Necessary Condition (NC) X X

Separation Logic (SL) X X

Incorrectness Logic (IL) X X

Incorrectness SL X X

UNTer X X X

Sufficient Incorrectness Logic (SIL) X X

Separation SIL X X



Recap of fixpoint theory

37



A simple imperative language

  

      |     skip

      |     

      |     if  then  else 

      |     while  do 

c ::= x := a

c1; c2
b c1 c2

b c

command
integer 
variable

arithmetic 
expression

Boolean 
expression

 |  | …b ::= a1 ≤ a2 b1 ∧ b2

 |  |  | …a ::= n x a1 + a2



Concrete domain

σ : X → ℤ

set of 
variables

state

Σ ≜ {σ : X → ℤ}

set of all 
states

℘(Σ) ≜ {P ∣ P ⊆ Σ}
concrete 
domain

state  
property

set of  
integers
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Arithmetic expressions
[[ ⋅ ]] : 𝖠𝖾𝗑𝗉 → Σ → ℤ

 

evaluates the arithmetic expression  in the current state 
[[a]]σ

a σ

  

  


    

[[𝚗]]σ ≜ n
[[𝚡]]σ ≜ σ(𝚡)
[[a0 𝚘𝚙 a1]]σ ≜ [[a0]]σ op [[a1]]σ
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Boolean expressions
[[ ⋅ ]] : 𝖡𝖾𝗑𝗉 → ℘(Σ) → ℘(Σ)

  

  


      

    


  

[[𝚝𝚛𝚞𝚎]]P ≜ P
[[𝚏𝚊𝚕𝚜𝚎]]P ≜ Ø
[[a0 𝚌𝚖𝚙 a1]]P ≜ { σ ∈ P ∣ [[a0]]σ cmp [[a1]]σ }
[[b0 𝚋𝚘𝚙 b1]]P ≜ [[b0]]P bop [[b1]]P
[[𝚗𝚘𝚝 b]]P ≜ P∖([[b]]P)

 (intuitively ) 

is the set of all and only states in  that satisfy the condition 
[[b]]P b ∧ P

P b



  


    and  


  


    


    

[[𝚜𝚔𝚒𝚙]]P ≜ P

[[x := a]]P ≜ { σ[n/x] ∣ σ ∈ P n = [[a]]σ }

[[c0; c1]]P ≜ [[c1]]([[c0]]P)

[[𝗂𝖿 b 𝗍𝗁𝖾𝗇 c0 𝖾𝗅𝗌𝖾 c1]]P ≜ [[c0]]([[b]]P) ∪ [[c1]]([[𝚗𝚘𝚝 b]]P)

[[𝗐𝗁𝗂𝗅𝖾 b 𝖽𝗈 c]]P ≜ [[𝚗𝚘𝚝 b]]P ∪ [[𝗐𝗁𝗂𝗅𝖾 b 𝖽𝗈 c]]([[c]]([[b]]P))

 


 


 


  


 

[[𝚜𝚔𝚒𝚙]]P ≜

[[x := a]]P ≜

[[c0; c1]]P ≜

[[𝗂𝖿 b 𝗍𝗁𝖾𝗇 c0 𝖾𝗅𝗌𝖾 c1]]P ≜

[[𝗐𝗁𝗂𝗅𝖾 b 𝖽𝗈 c]]P ≜
4242

Commands
[[ ⋅ ]] : 𝖢𝗈𝗆 → ℘(Σ) → ℘(Σ)

how do we know one solution exists? how do we know it is unique?



Fixpoint problem

43
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The general problem
<latexit sha1_base64="zMaPLTYIkoRbXc2UOeX16LKVVwI="></latexit>

f : D ! D

<latexit sha1_base64="YXnL3Tw38XxC9LGU5lTotGpgG6E="></latexit>

a fixed point of f is d 2 D such that d = f(d)

<latexit sha1_base64="O20vmE5uQfWD4zWb58AG3StQvrU="></latexit>

let Ff
M
= {d 2 D | d = f(d)} ✓ D

<latexit sha1_base64="JS9bzjeiBGqXYhArqdPoiujlp8Q="></latexit>

three questions:

• under which hypotheses Ff 6= ??

• if Ff 6= ?, can we select a preferred element fix (f) 2 Ff?

• and can we compute fix (f)?
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Example
<latexit sha1_base64="o/vy2s65ouYDjonEB6k7uhRYZoQ="></latexit>

D = N
<latexit sha1_base64="vx/ii1Zq2vXhZxGuegQkWPc/1mg="></latexit>

f(n)
M
= n+ 1

<latexit sha1_base64="giKA6TKPLNaGhQKUdRZpQ01HnyI="></latexit>?
<latexit sha1_base64="RjZifFFiANz0iFgkSINJuvGnYbQ="></latexit>

f(n)
M
= n/2

<latexit sha1_base64="A9Ljkw7q8VWJVGKhH2onIcjIVPY="></latexit>

Ff

<latexit sha1_base64="wZaQhF+kARt9BTVKdUr01Ady7dY="></latexit>

{0}

<latexit sha1_base64="SmzygscBFmxFTxmp2Yu5hgIqq/I="></latexit>

{2, 4}
<latexit sha1_base64="qCsHYCAo5GDQyuDNUtsej1q+Pvo="></latexit>

f(n)
M
= n2 � 5n+ 8

<latexit sha1_base64="0hwm7qMzQBKT8IWVsAf4S1XcagY="></latexit>

f(n)
M
= n%5

<latexit sha1_base64="IEcd7WqjpLJ3+H2wMq5cBmkSWC4="></latexit>

{0, 1, 2, 3, 4}

<latexit sha1_base64="cu/x6bRBz5zcPKiALWiOJ+OSHfE="></latexit>

fix (f)

<latexit sha1_base64="DvfEXh6Mdv/4qUxbX62W0ZvnC3I="></latexit>

0

<latexit sha1_base64="x949BaKzVJUKrm+Sns+jhF/9jiY="></latexit>

2

<latexit sha1_base64="DvfEXh6Mdv/4qUxbX62W0ZvnC3I="></latexit>

0
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Example
<latexit sha1_base64="A9Ljkw7q8VWJVGKhH2onIcjIVPY="></latexit>

Ff
<latexit sha1_base64="UqaeS460mo9ZGNkKglUIazGA470="></latexit>

D = }(N)
<latexit sha1_base64="8782vGUcBug7ZCQ4lqLTR+L0z2U="></latexit>

f(S)
M
= S \ {1}

<latexit sha1_base64="CQqLbEC46Nno7nMhZqZVhNucj8Y="></latexit>

{? , {1} }

<latexit sha1_base64="iSEtHD2z6x3gwj+osSmWBORcMo4="></latexit>

f(S)
M
= N \ S <latexit sha1_base64="giKA6TKPLNaGhQKUdRZpQ01HnyI="></latexit>?

<latexit sha1_base64="gGavZXtEvd84HDNNwLxkTYhK0fQ="></latexit>

f(S)
M
= S [ {1}

<latexit sha1_base64="pDvST57kpAbHe+DXsykQxg+Z5pU="></latexit>

{T | 1 2 T}

<latexit sha1_base64="cu/x6bRBz5zcPKiALWiOJ+OSHfE="></latexit>

fix (f)

<latexit sha1_base64="giKA6TKPLNaGhQKUdRZpQ01HnyI="></latexit>?

<latexit sha1_base64="fqmMQxYeKhcOqkOMCx3/9Kb45Rk="></latexit>

{1}

<latexit sha1_base64="gLW4pajymkEGZif92HXQr642AHI="></latexit>

f(S)
M
= {n | 9m 2 S, n  m}

<latexit sha1_base64="3QXByOqH+HqIDLyfFQvWn9gARWo="></latexit>

{[0, k] | k 2 N} [ {?,N} <latexit sha1_base64="giKA6TKPLNaGhQKUdRZpQ01HnyI="></latexit>?
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Ingredients

a partial order (to compare elements)

order preserving functions

iterative approximations

a base case

a limit solution



Complete partial orders

48
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Partially ordered set 
(Poset or just PO)

(P,v)

<latexit sha1_base64="xQSY0knTZgM2DH8Efv8diFYbyuk=">AAACA3icbVC7TgJBFJ3FF+KDVUubicQEE0N2DUZLoo0lJvJIgJDZ4YITZmeXmTsmhFD6FbZa2RlbP8TCf3FZKRQ81ck59+aee4JYCoOe9+lkVlbX1jeym7mt7Z3dvLu3XzeR1RxqPJKRbgbMgBQKaihQQjPWwMJAQiMYXs/8xgNoIyJ1h+MYOiEbKNEXnGEidd18sXraNiNjAwMIo5OuW/BKXgq6TPw5KZA5ql33q92LuA1BIZfMmJbvxdiZMI2CS5jm2tZAzPiQDaCVUMVCMJ1JGnxKj61hGNEYNBWSpiL83piw0JhxGCSTIcN7s+jNxP+8lsX+ZWciVGwRFJ8dQiEhPWS4FkkjQHtCAyKbJQcqFOVMM0TQgjLOE9EmFeWSPvzF75dJ/azkl0vnt+VC5WreTJYckiNSJD65IBVyQ6qkRjix5Ik8kxfn0Xl13pz3n9GMM985IH/gfHwD+VSXRw==</latexit>

v ✓ P ⇥ P

<latexit sha1_base64="tBxmIR6pDiiqC5T7sWBCRIM+EiQ=">AAACF3icbVC7SgNBFJ2NrxhfUUubwSBYhV2JaBm0sVzBPCAbwuzkJg6ZfWTmrhCWfICf4FfYamUntpYW/ouTdQVNPNXhnHO59x4/lkKjbX9YhaXlldW14nppY3Nre6e8u9fUUaI4NHgkI9X2mQYpQmigQAntWAELfAktf3Q581t3oLSIwhucxNAN2DAUA8EZGqlXrqSeHuvE14AwnlLvh9LU9VAEoKk7NSm7amegi8TJSYXkcHvlT68f8SSAELlkWnccO8ZuyhQKLmFa8hINMeMjNoSOoSEze7pp9syUHiWaYURjUFRImonweyJlgdaTwDfJgOGtnvdm4n9eJ8HBeTcVYZwghHy2CIWEbJHmSpiWgPaFAkQ2uxyoCClniiGCEpRxbsTE1FYyfTjz3y+S5knVqVVPr2uV+kXeTJEckENyTBxyRurkirikQTi5J4/kiTxbD9aL9Wq9fUcLVj6zT/7Aev8Czl2geA==</latexit>

8p 2 P.

<latexit sha1_base64="gQpQd5FN38alnEBl1TjQNvQg1u8=">AAACA3icbVA9TwJBEN3DL8QPUEubjcTE6nJnMFoSbSwxESQBQuaWATfsfWR3zoRcKP0VtlrZGVt/iIX/xeWkUPBVL+/NZN68IFHSkOd9OoWV1bX1jeJmaWt7Z7dc2dtvmTjVApsiVrFuB2BQyQibJElhO9EIYaDwLhhfzfy7B9RGxtEtTRLshTCK5FAKICv1K+XuMNagFE+6MuINt1+peq6Xgy8Tf06qbI5Gv/LVHcQiDTEiocCYju8l1MtAkxQKp6VuajABMYYRdiyNIETTy/LgU36cGqCYJ6i5VDwX8fdGBqExkzCwkyHQvVn0ZuJ/Xiel4UUvk1GSEkZidoikwvyQEVraRpAPpEYimCVHbp8XoIEIteQghBVTW1HJ9uEvfr9MWqeuX3PPbmrV+uW8mSI7ZEfshPnsnNXZNWuwJhMsZU/smb04j86r8+a8/4wWnPnOAfsD5+Mbn6SXCw==</latexit>

p v p

<latexit sha1_base64="RVnL9Ox6Cl+e/lE9k+/nAILlbGc=">AAACA3icbVC7TgJBFJ3FF+KDVUubicTEiuwajZZEG0tM5JEAIbPDBSfMzg4zd0zIhtKvsNXKztj6IRb+iwtSKHiqk3PuzT33RFoKi0Hw6eVWVtfWN/Kbha3tnd2iv7dft4kzHGo8kYlpRsyCFApqKFBCUxtgcSShEQ2vp37jAYwVibrDsYZOzAZK9AVnmEldv6hp246siywgjKju+qWgHMxAl0k4JyUyR7Xrf7V7CXcxKOSSWdsKA42dlBkUXMKk0HYWNONDNoBWRhWLwXbSWfAJPXaWYUI1GCoknYnweyNlsbXjOMomY4b3dtGbiv95LYf9y04qlHYIik8PoZAwO2S5EVkjQHvCACKbJgcqFOXMMEQwgjLOM9FlFRWyPsLF75dJ/bQcnpXPb89Klat5M3lySI7ICQnJBamQG1IlNcKJI0/kmbx4j96r9+a9/4zmvPnOAfkD7+MbfvyXmg==</latexit>

8p, q 2 P.

<latexit sha1_base64="o6V5/KE/exnU4PxqXwd6kyo7/zI=">AAACBXicbVC7TgJBFJ3FF+ILtLSZSEwszGbXYLQk2lhiIo8ENuTucMEJsw9n7moIofYrbLWyM7Z+h4X/4i5SKHiqk3PuzT33+LGShhzn08otLa+sruXXCxubW9s7xdJuw0SJFlgXkYp0yweDSoZYJ0kKW7FGCHyFTX94mfnNe9RGRuENjWL0AhiEsi8FUCp1i6VOP9KgFI+P7zoy5DW7Wyw7tjMFXyTujJTZDLVu8avTi0QSYEhCgTFt14nJG4MmKRROCp3EYAxiCANspzSEAI03nkaf8MPEAEU8Rs2l4lMRf2+MITBmFPjpZAB0a+a9TPzPayfUP/fGMowTwlBkh0gqnB4yQsu0E+Q9qZEIsuTI0+cFaCBCLTkIkYpJWlIh7cOd/36RNE5st2KfXlfK1YtZM3m2zw7YEXPZGauyK1ZjdSbYA3tiz+zFerRerTfr/Wc0Z8129tgfWB/f6W6XvA==</latexit>

p v q ^ q v p ) p = q

<latexit sha1_base64="5hoGV1+jO35hIxiz4z2Nq+QiW/E="></latexit>

p v q ^ q v r ) p v r

<latexit sha1_base64="ISIWNkC0Qftl0d7sziIM2Y+klfA="></latexit>

8p, q, r 2 P.

<latexit sha1_base64="vJQDhNXCB838fuO0qYZ8O7wmw98=">AAACB3icbVDLTgJBEJzFF+IL5ehlIjHxQMiuweiR6MUjJvJIWEJ6hwYnzD6c6TUhhA/wK7zqyZvx6md48F9c1j0oWKdKVXe6urxISUO2/WnlVlbX1jfym4Wt7Z3dveL+QcuEsRbYFKEKdccDg0oG2CRJCjuRRvA9hW1vfDX32w+ojQyDW5pE2PNhFMihFECJ1C+W3GGoQSkeVe4r2pUBb1T7xbJdtVPwZeJkpMwyNPrFL3cQitjHgIQCY7qOHVFvCpqkUDgruLHBCMQYRthNaAA+mt40DT/jx7EBCnmEmkvFUxF/b0zBN2bie8mkD3RnFr25+J/XjWl40ZvKIIoJAzE/RFJhesgILZNWkA+kRiKYJ0eePC9AAxFqyUGIRIyTmgpJH87i98ukdVp1atWzm1q5fpk1k2eH7IidMIedszq7Zg3WZIJN2BN7Zi/Wo/VqvVnvP6M5K9spsT+wPr4BNh6Ybg==</latexit>

reflexive

antisymmetric

transitive

p v q

<latexit sha1_base64="H3kh/OCgq7PDBYMFpdOfYQ7JmJo=">AAACAHicbVC7TsNAEDyHVwivACXNiQiJKrIRCMoIGsogkYeUmOh82YRTzmfnbg8pitLwFbRQ0SFa/oSCf8E2LiBhqtHMrnZ2glgKg6776RSWlldW14rrpY3Nre2d8u5e00RWc2jwSEa6HTADUihooEAJ7VgDCwMJrWB0lfqtB9BGROoWJzH4IRsqMRCcYSLdxV0zNjYwgDCm41654lbdDHSReDmpkBz1Xvmr24+4DUEhl8yYjufG6E+ZRsElzEpdayBmfMSG0EmoYiEYf5qlntEjaxhGNAZNhaSZCL83piw0ZhIGyWTI8N7Me6n4n9exOLjwp0LFFkHx9BAKCdkhw7VI6gDaFxoQWZocqFCUM80QQQvKOE9Em/RTSvrw5r9fJM2TqndaPbs5rdQu82aK5IAckmPikXNSI9ekThqEE02eyDN5cR6dV+fNef8ZLTj5zj75A+fjG655l0A=</latexit>

means that p and q are comparable
and that p is less than (or equal to) q

a set

a binary relation
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Least element

is a least element of 

TH. (uniqueness of least element)

PO Q ✓ P

<latexit sha1_base64="iRxScI2+d36ZnQtKKWVuvnU4HVA=">AAAB/3icbVC7TsNAEDyHVwivACXNiQiJKrJREJQRNJSJRB5SYqHzZRNOOZ+duzVSFKXgK2ihokO0fAoF/8LZuICEqUYzs9rdCWIpDLrup1NYWV1b3yhulra2d3b3yvsHbRMlmkOLRzLS3YAZkEJBCwVK6MYaWBhI6ATj69TvPIA2IlK3OI3BD9lIiaHgDK3kN2nfJIEBhAlt3JUrbtXNQJeJl5MKyWHzX/1BxJMQFHLJjOl5boz+jGkUXMK81E8MxIyP2Qh6lioWgvFn2dFzepIYhhGNQVMhaSbC74kZC42ZhoFNhgzvzaKXiv95vQSHl/5MqDhBUDxdhEJCtshwLWwbQAdCAyJLLwcqFOVMM0TQgjLOrZjYekq2D2/x+2XSPqt6tep5s1apX+XNFMkROSanxCMXpE5uSIO0CCcT8kSeyYvz6Lw6b877T7Tg5DOH5A+cj2/pgZYy</latexit>

Q

<latexit sha1_base64="DmbOAe1Dh5kSskFW6fnhWHDaH70=">AAAB83icbVC7TsNAEDyHVwivACXNiQiJKrJREJQRNJSJRB5SYkXnyyaccj5bd3tIkZUvoIWKDtHyQRT8C7ZxAQlTjWZ2tbMTxFIYdN1Pp7S2vrG5Vd6u7Ozu7R9UD4+6JrKaQ4dHMtL9gBmQQkEHBUroxxpYGEjoBbPbzO89gjYiUvc4j8EP2VSJieAMU6ndHlVrbt3NQVeJV5AaKdAaVb+G44jbEBRyyYwZeG6MfsI0Ci5hURlaAzHjMzaFQUoVC8H4SR50Qc+sYRjRGDQVkuYi/N5IWGjMPAzSyZDhg1n2MvE/b2Bxcu0nQsUWQfHsEAoJ+SHDtUgbADoWGhBZlhyoUJQzzRBBC8o4T0WbVlJJ+/CWv18l3Yu616hfthu15k3RTJmckFNyTjxyRZrkjrRIh3AC5Ik8kxfHOq/Om/P+M1pyip1j8gfOxzdMWJFi</latexit>

(P,v)

<latexit sha1_base64="xQSY0knTZgM2DH8Efv8diFYbyuk=">AAACA3icbVC7TgJBFJ3FF+KDVUubicQEE0N2DUZLoo0lJvJIgJDZ4YITZmeXmTsmhFD6FbZa2RlbP8TCf3FZKRQ81ck59+aee4JYCoOe9+lkVlbX1jeym7mt7Z3dvLu3XzeR1RxqPJKRbgbMgBQKaihQQjPWwMJAQiMYXs/8xgNoIyJ1h+MYOiEbKNEXnGEidd18sXraNiNjAwMIo5OuW/BKXgq6TPw5KZA5ql33q92LuA1BIZfMmJbvxdiZMI2CS5jm2tZAzPiQDaCVUMVCMJ1JGnxKj61hGNEYNBWSpiL83piw0JhxGCSTIcN7s+jNxP+8lsX+ZWciVGwRFJ8dQiEhPWS4FkkjQHtCAyKbJQcqFOVMM0TQgjLOE9EmFeWSPvzF75dJ/azkl0vnt+VC5WreTJYckiNSJD65IBVyQ6qkRjix5Ik8kxfn0Xl13pz3n9GMM985IH/gfHwD+VSXRw==</latexit>

` 2 Q

<latexit sha1_base64="6lcegEqlFwTk+eYANdwgxuYGfBE=">AAAB+3icbVC7TsNAEDyHVwivACXNiQiJKrJREJQRNJSJREJQbEXnyyaccmdbd2ukKMpX0EJFh2j5GAr+hbNxAQlTjWZ2tbMTJlIYdN1Pp7Syura+Ud6sbG3v7O5V9w+6Jk41hw6PZax7ITMgRQQdFCihl2hgKpRwF06uM//uEbQRcXSL0wQCxcaRGAnO0Er3Pkjpi4i2B9WaW3dz0GXiFaRGCrQG1S9/GPNUQYRcMmP6nptgMGMaBZcwr/ipgYTxCRtD39KIKTDBLA88pyepYRjTBDQVkuYi/N6YMWXMVIV2UjF8MIteJv7n9VMcXQYzESUpQsSzQygk5IcM18I2AXQoNCCyLDlQ+ztnmiGCFpRxbsXUVlOxfXiL3y+T7lnda9TP241a86popkyOyDE5JR65IE1yQ1qkQzhR5Ik8kxdn7rw6b877z2jJKXYOyR84H98QJJSe</latexit>

`

<latexit sha1_base64="Ar6oyplKrwZW3LeFtfUQFJKopmQ=">AAAB9nicbVC7TsNAEFyHVwivACXNiQiJKrIRCMoIGsogkYeUWNH5sklOOT90t0ZEVn6BFio6RMvvUPAv2MYFJEw1mtnVzo4XKWnItj+t0srq2vpGebOytb2zu1fdP2ibMNYCWyJUoe563KCSAbZIksJupJH7nsKON73J/M4DaiPD4J5mEbo+HwdyJAWnTOqjUoNqza7bOdgycQpSgwLNQfWrPwxF7GNAQnFjeo4dkZtwTVIonFf6scGIiykfYy+lAffRuEmedc5OYsMpZBFqJhXLRfy9kXDfmJnvpZM+p4lZ9DLxP68X0+jKTWQQxYSByA6RVJgfMkLLtARkQ6mRiGfJkcmACa45EWrJuBCpGKetVNI+nMXvl0n7rO6c1y/uzmuN66KZMhzBMZyCA5fQgFtoQgsETOAJnuHFerRerTfr/We0ZBU7h/AH1sc3vMuSyA==</latexit>

if 8q 2 Q. ` v q

<latexit sha1_base64="ShFIZbiii6p4On4OowTuwPwfUI8=">AAACG3icbVC7TgMxEPTxJrwClDQWEYIqukNBUEbQUBKJBKRcFO05G7Dwvew1UhTlE/gEvoIWKjpES0HBv+AcKXhNNZrZ1e5MlClpyPffvanpmdm5+YXF0tLyyupaeX2jZVKrBTZFqlJ9GYFBJRNskiSFl5lGiCOFF9HNydi/uEVtZJqc0yDDTgxXiexLAeSkbnk37KcalOJ5KBPeqIa5hR4P0SmhyY2NDBLmPO+WK37VL8D/kmBCKmyCs275I+ylwsaYkFBgTDvwM+oMQZMUCkel0BrMQNzAFbYdTSBG0xkWgUZ8xxqglGeouVS8EPH7xhBiYwZx5CZjoGvz2xuL/3ltS/2jzlAmmSVMxPgQSYXFISO0dE0h70mNRDD+HLkrRYAGItSSgxBOtK66kusj+J3+L2ntV4Na9aBRq9SPJ80ssC22zfZYwA5ZnZ2yM9Zkgt2xB/bInrx779l78V6/Rqe8yc4m+wHv7RM77KEa</latexit>

PO Q ✓ P

<latexit sha1_base64="iRxScI2+d36ZnQtKKWVuvnU4HVA=">AAAB/3icbVC7TsNAEDyHVwivACXNiQiJKrJREJQRNJSJRB5SYqHzZRNOOZ+duzVSFKXgK2ihokO0fAoF/8LZuICEqUYzs9rdCWIpDLrup1NYWV1b3yhulra2d3b3yvsHbRMlmkOLRzLS3YAZkEJBCwVK6MYaWBhI6ATj69TvPIA2IlK3OI3BD9lIiaHgDK3kN2nfJIEBhAlt3JUrbtXNQJeJl5MKyWHzX/1BxJMQFHLJjOl5boz+jGkUXMK81E8MxIyP2Qh6lioWgvFn2dFzepIYhhGNQVMhaSbC74kZC42ZhoFNhgzvzaKXiv95vQSHl/5MqDhBUDxdhEJCtshwLWwbQAdCAyJLLwcqFOVMM0TQgjLOrZjYekq2D2/x+2XSPqt6tep5s1apX+XNFMkROSanxCMXpE5uSIO0CCcT8kSeyYvz6Lw6b877T7Tg5DOH5A+cj2/pgZYy</latexit>

(P,v)

<latexit sha1_base64="xQSY0knTZgM2DH8Efv8diFYbyuk=">AAACA3icbVC7TgJBFJ3FF+KDVUubicQEE0N2DUZLoo0lJvJIgJDZ4YITZmeXmTsmhFD6FbZa2RlbP8TCf3FZKRQ81ck59+aee4JYCoOe9+lkVlbX1jeym7mt7Z3dvLu3XzeR1RxqPJKRbgbMgBQKaihQQjPWwMJAQiMYXs/8xgNoIyJ1h+MYOiEbKNEXnGEidd18sXraNiNjAwMIo5OuW/BKXgq6TPw5KZA5ql33q92LuA1BIZfMmJbvxdiZMI2CS5jm2tZAzPiQDaCVUMVCMJ1JGnxKj61hGNEYNBWSpiL83piw0JhxGCSTIcN7s+jNxP+8lsX+ZWciVGwRFJ8dQiEhPWS4FkkjQHtCAyKbJQcqFOVMM0TQgjLOE9EmFeWSPvzF75dJ/azkl0vnt+VC5WreTJYckiNSJD65IBVyQ6qkRjix5Ik8kxfn0Xl13pz3n9GMM985IH/gfHwD+VSXRw==</latexit>

`1, `2

<latexit sha1_base64="euHWu+B2h38S+vV5GgaX7+49eCY=">AAAB/3icbVC7TsNAEDzzDOEVoKQ5ESFRoMiOgqCMoKEMEnlIiRWtL5twyvnB3RopilLwFbRQ0SFaPoWCf8E2LiBhmh3N7Gp3x4uUNGTbn9bS8srq2npho7i5tb2zW9rbb5kw1gKbIlSh7nhgUMkAmyRJYSfSCL6nsO2Nr1K//YDayDC4pUmErg+jQA6lAEokt4dK9Z3TrFT7pbJdsTPwReLkpMxyNPqlr94gFLGPAQkFxnQdOyJ3CpqkUDgr9mKDEYgxjLCb0AB8NO40O3rGj2MDFPIINZeKZyL+npiCb8zE95JOH+jOzHup+J/XjWl44U5lEMWEgUgXkVSYLTJCyyQN5AOpkQjSy5HLgAvQQIRachAiEeMknmKShzP//SJpVStOrXJ2UyvXL/NkCuyQHbET5rBzVmfXrMGaTLB79sSe2Yv1aL1ab9b7T+uSlc8csD+wPr4BqBeWCA==</latexit>

least elements of Q

<latexit sha1_base64="DmbOAe1Dh5kSskFW6fnhWHDaH70=">AAAB83icbVC7TsNAEDyHVwivACXNiQiJKrJREJQRNJSJRB5SYkXnyyaccj5bd3tIkZUvoIWKDtHyQRT8C7ZxAQlTjWZ2tbMTxFIYdN1Pp7S2vrG5Vd6u7Ozu7R9UD4+6JrKaQ4dHMtL9gBmQQkEHBUroxxpYGEjoBbPbzO89gjYiUvc4j8EP2VSJieAMU6ndHlVrbt3NQVeJV5AaKdAaVb+G44jbEBRyyYwZeG6MfsI0Ci5hURlaAzHjMzaFQUoVC8H4SR50Qc+sYRjRGDQVkuYi/N5IWGjMPAzSyZDhg1n2MvE/b2Bxcu0nQsUWQfHsEAoJ+SHDtUgbADoWGhBZlhyoUJQzzRBBC8o4T0WbVlJJ+/CWv18l3Yu616hfthu15k3RTJmckFNyTjxyRZrkjrRIh3AC5Ik8kxfHOq/Om/P+M1pyip1j8gfOxzdMWJFi</latexit>

implies `1 = `2

<latexit sha1_base64="QVo1niz2fVHgntavzIRCU2azo/o=">AAACAHicbVC7SgNREL3rM8ZX1NLmYhCswm6IaCMEbSwjmAcka5i9mcRL7j64d1YIIY1fYauVndj6Jxb+i7vrFpp4mjmcM8PMHC9S0pBtf1pLyyura+uFjeLm1vbObmlvv2XCWAtsilCFuuOBQSUDbJIkhZ1II/iewrY3vkr99gNqI8PgliYRuj6MAjmUAiiR7nqoVN/hF1mt9ktlu2Jn4IvEyUmZ5Wj0S1+9QShiHwMSCozpOnZE7hQ0SaFwVuzFBiMQYxhhN6EB+GjcaXb1jB/HBijkEWouFc9E/D0xBd+Yie8lnT7QvZn3UvE/rxvT8NydyiCKCQORLiKpMFtkhJZJHMgHUiMRpJcjlwEXoIEIteQgRCLGST7FJA9n/vtF0qpWnFrl9KZWrl/myRTYITtiJ8xhZ6zOrlmDNZlgmj2xZ/ZiPVqv1pv1/tO6ZOUzB+wPrI9vHPuWQw==</latexit>

`1

<latexit sha1_base64="RARTW5CPDD3ynsSHzBTv6f5TvP8=">AAAB+HicbVC7TsNAEFyHVwivACXNiQiJKrIRCMoIGsogkYeUWNH5sglHzg/drZGClX+ghYoO0fI3FPwLtnEBCVONZna1s+NFShqy7U+rtLS8srpWXq9sbG5t71R399omjLXAlghVqLseN6hkgC2SpLAbaeS+p7DjTa4yv/OA2sgwuKVphK7Px4EcScEpldp9VGrgDKo1u27nYIvEKUgNCjQH1a/+MBSxjwEJxY3pOXZEbsI1SaFwVunHBiMuJnyMvZQG3EfjJnnaGTuKDaeQRaiZVCwX8fdGwn1jpr6XTvqc7sy8l4n/eb2YRhduIoMoJgxEdoikwvyQEVqmNSAbSo1EPEuOTAZMcM2JUEvGhUjFOO2lkvbhzH+/SNondee0fnZzWmtcFs2U4QAO4RgcOIcGXEMTWiDgHp7gGV6sR+vVerPef0ZLVrGzD39gfXwD6seTbA==</latexit>

least element of Q

<latexit sha1_base64="DmbOAe1Dh5kSskFW6fnhWHDaH70=">AAAB83icbVC7TsNAEDyHVwivACXNiQiJKrJREJQRNJSJRB5SYkXnyyaccj5bd3tIkZUvoIWKDtHyQRT8C7ZxAQlTjWZ2tbMTxFIYdN1Pp7S2vrG5Vd6u7Ozu7R9UD4+6JrKaQ4dHMtL9gBmQQkEHBUroxxpYGEjoBbPbzO89gjYiUvc4j8EP2VSJieAMU6ndHlVrbt3NQVeJV5AaKdAaVb+G44jbEBRyyYwZeG6MfsI0Ci5hURlaAzHjMzaFQUoVC8H4SR50Qc+sYRjRGDQVkuYi/N5IWGjMPAzSyZDhg1n2MvE/b2Bxcu0nQsUWQfHsEAoJ+SHDtUgbADoWGhBZlhyoUJQzzRBBC8o4T0WbVlJJ+/CWv18l3Yu616hfthu15k3RTJmckFNyTjxyRZrkjrRIh3AC5Ik8kxfHOq/Om/P+M1pyip1j8gfOxzdMWJFi</latexit>

)

<latexit sha1_base64="U/cGJXm9nVrm+DGa9oUkW+rj1TU=">AAAB/XicbVA9TwJBEN3DL8Qv1NJmIzGxIndGoyXRxhKNfCQHIXPLABv29i67cxpyIf4KW63sjK2/xcL/4oEUCr7q5b2ZzJsXxEpact1PJ7e0vLK6ll8vbGxube8Ud/fqNkqMwJqIVGSaAVhUUmONJClsxgYhDBQ2guHVxG/co7Ey0nc0irEdQl/LnhRAmeS3bmV/QGBM9NApltyyOwVfJN6MlNgM1U7xq9WNRBKiJqHAWt9zY2qnYEgKheNCK7EYgxhCH/2MagjRttNp5DE/SixQxGM0XCo+FfH3RgqhtaMwyCZDoIGd9ybif56fUO+inUodJ4RaTA6RVDg9ZIWRWRfIu9IgEUySI5eaCzBAhEZyECITk6ycQtaHN//9IqmflL3T8tnNaalyOWsmzw7YITtmHjtnFXbNqqzGBIvYE3tmL86j8+q8Oe8/ozlntrPP/sD5+AZhAJX6</latexit>

`1 v `2

<latexit sha1_base64="eG9xa89zdlU40sqq1R7L7KOfSPM=">AAACDHicbVC7TsNAEDzzDOFloEGiOREhUUV2FARlBA1lkMhDii3rfNmEU86P3K2Roih8Al9BCxUdouUfKPgXbOMCEqYazexqd8aPpdBoWZ/G0vLK6tp6aaO8ubW9s2vu7bd1lCgOLR7JSHV9pkGKEFooUEI3VsACX0LHH11lfucelBZReIuTGNyADUMxEJxhKnnmoQNSerajxzrxNSCMaa7UPLNiVa0cdJHYBamQAk3P/HL6EU8CCJFLpnXPtmJ0p0yh4BJmZSfREDM+YkPopTRkAWh3mieY0ZNEM4xoDIoKSXMRfm9MWaD1JPDTyYDhnZ73MvE/r5fg4MKdijBOEEKeHUIhIT+kuRJpNUD7QgEiyz4HKkLKmWKIoARlnKdiknZVTvuw59MvknataterZzf1SuOyaKZEjsgxOSU2OScNck2apEU4eSBP5Jm8GI/Gq/FmvP+MLhnFzgH5A+PjGz9Ym0c=</latexit>

`2 v `1

<latexit sha1_base64="05E4nINzadh4Cb/RWZYSGCt3h3g=">AAACDHicbVC7TsNAEDzzDOFloEGiOREhUUV2FARlBA1lkMhDii3rfNmEU86P3K2Roih8Al9BCxUdouUfKPgXbOMCEqYazexqd8aPpdBoWZ/G0vLK6tp6aaO8ubW9s2vu7bd1lCgOLR7JSHV9pkGKEFooUEI3VsACX0LHH11lfucelBZReIuTGNyADUMxEJxhKnnmoQNSejVHj3Xia0AY01yxPbNiVa0cdJHYBamQAk3P/HL6EU8CCJFLpnXPtmJ0p0yh4BJmZSfREDM+YkPopTRkAWh3mieY0ZNEM4xoDIoKSXMRfm9MWaD1JPDTyYDhnZ73MvE/r5fg4MKdijBOEEKeHUIhIT+kuRJpNUD7QgEiyz4HKkLKmWKIoARlnKdiknZVTvuw59MvknataterZzf1SuOyaKZEjsgxOSU2OScNck2apEU4eSBP5Jm8GI/Gq/FmvP+MLhnFzgH5A+PjGz9qm0c=</latexit>

`2

<latexit sha1_base64="kJLM3s/B+isDACbk1npCPJIyzzc=">AAAB+HicbVC7TsNAEFyHVwivACXNiQiJKrKjICgjaCiDRB5SYkXnyyYcOT90t0YKVv6BFio6RMvfUPAvOMYFJEw1mtnVzo4XKWnItj+twsrq2vpGcbO0tb2zu1feP2ibMNYCWyJUoe563KCSAbZIksJupJH7nsKON7ma+50H1EaGwS1NI3R9Pg7kSApOqdTuo1KD2qBcsat2BrZMnJxUIEdzUP7qD0MR+xiQUNyYnmNH5CZckxQKZ6V+bDDiYsLH2EtpwH00bpKlnbGT2HAKWYSaScUyEX9vJNw3Zup76aTP6c4senPxP68X0+jCTWQQxYSBmB8iqTA7ZISWaQ3IhlIjEZ8nRyYDJrjmRKgl40KkYpz2Ukr7cBa/XybtWtWpV89u6pXGZd5MEY7gGE7BgXNowDU0oQUC7uEJnuHFerRerTfr/We0YOU7h/AH1sc37FaTbQ==</latexit>

least element of Q

<latexit sha1_base64="DmbOAe1Dh5kSskFW6fnhWHDaH70=">AAAB83icbVC7TsNAEDyHVwivACXNiQiJKrJREJQRNJSJRB5SYkXnyyaccj5bd3tIkZUvoIWKDtHyQRT8C7ZxAQlTjWZ2tbMTxFIYdN1Pp7S2vrG5Vd6u7Ozu7R9UD4+6JrKaQ4dHMtL9gBmQQkEHBUroxxpYGEjoBbPbzO89gjYiUvc4j8EP2VSJieAMU6ndHlVrbt3NQVeJV5AaKdAaVb+G44jbEBRyyYwZeG6MfsI0Ci5hURlaAzHjMzaFQUoVC8H4SR50Qc+sYRjRGDQVkuYi/N5IWGjMPAzSyZDhg1n2MvE/b2Bxcu0nQsUWQfHsEAoJ+SHDtUgbADoWGhBZlhyoUJQzzRBBC8o4T0WbVlJJ+/CWv18l3Yu616hfthu15k3RTJmckFNyTjxyRZrkjrRIh3AC5Ik8kxfHOq/Om/P+M1pyip1j8gfOxzdMWJFi</latexit>

)

<latexit sha1_base64="U/cGJXm9nVrm+DGa9oUkW+rj1TU=">AAAB/XicbVA9TwJBEN3DL8Qv1NJmIzGxIndGoyXRxhKNfCQHIXPLABv29i67cxpyIf4KW63sjK2/xcL/4oEUCr7q5b2ZzJsXxEpact1PJ7e0vLK6ll8vbGxube8Ud/fqNkqMwJqIVGSaAVhUUmONJClsxgYhDBQ2guHVxG/co7Ey0nc0irEdQl/LnhRAmeS3bmV/QGBM9NApltyyOwVfJN6MlNgM1U7xq9WNRBKiJqHAWt9zY2qnYEgKheNCK7EYgxhCH/2MagjRttNp5DE/SixQxGM0XCo+FfH3RgqhtaMwyCZDoIGd9ybif56fUO+inUodJ4RaTA6RVDg9ZIWRWRfIu9IgEUySI5eaCzBAhEZyECITk6ycQtaHN//9IqmflL3T8tnNaalyOWsmzw7YITtmHjtnFXbNqqzGBIvYE3tmL86j8+q8Oe8/ozlntrPP/sD5+AZhAJX6</latexit>

)

<latexit sha1_base64="U/cGJXm9nVrm+DGa9oUkW+rj1TU=">AAAB/XicbVA9TwJBEN3DL8Qv1NJmIzGxIndGoyXRxhKNfCQHIXPLABv29i67cxpyIf4KW63sjK2/xcL/4oEUCr7q5b2ZzJsXxEpact1PJ7e0vLK6ll8vbGxube8Ud/fqNkqMwJqIVGSaAVhUUmONJClsxgYhDBQ2guHVxG/co7Ey0nc0irEdQl/LnhRAmeS3bmV/QGBM9NApltyyOwVfJN6MlNgM1U7xq9WNRBKiJqHAWt9zY2qnYEgKheNCK7EYgxhCH/2MagjRttNp5DE/SixQxGM0XCo+FfH3RgqhtaMwyCZDoIGd9ybif56fUO+inUodJ4RaTA6RVDg9ZIWRWRfIu9IgEUySI5eaCzBAhEZyECITk6ycQtaHN//9IqmflL3T8tnNaalyOWsmzw7YITtmHjtnFXbNqqzGBIvYE3tmL86j8+q8Oe8/ozlntrPP/sD5+AZhAJX6</latexit>

`1 = `2

<latexit sha1_base64="A8eps+bAQ6nYe5oYZp97agzhaXI=">AAACA3icbVC7SgNBFJ31GeMjq5Y2g0GwCrshoo0QtLGMYB6QLMvs5CYOmX0wc0cIIaVfYauVndj6IRb+i7vrFpp4qsM593LPPUEihUbH+bRWVtfWNzZLW+Xtnd29ir1/0NGxURzaPJax6gVMgxQRtFGghF6igIWBhG4wuc787gMoLeLoDqcJeCEbR2IkOMNU8u3KAKT0XXpJc1L37apTc3LQZeIWpEoKtHz7azCMuQkhQi6Z1n3XSdCbMYWCS5iXB0ZDwviEjaGf0oiFoL1ZHnxOT4xmGNMEFBWS5iL83pixUOtpGKSTIcN7vehl4n9e3+DowpuJKDEIEc8OoZCQH9JcibQRoEOhAJFlyYGKiHKmGCIoQRnnqWjSisppH+7i98ukU6+5jdrZbaPavCqaKZEjckxOiUvOSZPckBZpE04MeSLP5MV6tF6tN+v9Z3TFKnYOyR9YH9/wNJae</latexit>

by antisymmetry
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Bottom
the least element of PO(P,v)

<latexit sha1_base64="xQSY0knTZgM2DH8Efv8diFYbyuk=">AAACA3icbVC7TgJBFJ3FF+KDVUubicQEE0N2DUZLoo0lJvJIgJDZ4YITZmeXmTsmhFD6FbZa2RlbP8TCf3FZKRQ81ck59+aee4JYCoOe9+lkVlbX1jeym7mt7Z3dvLu3XzeR1RxqPJKRbgbMgBQKaihQQjPWwMJAQiMYXs/8xgNoIyJ1h+MYOiEbKNEXnGEidd18sXraNiNjAwMIo5OuW/BKXgq6TPw5KZA5ql33q92LuA1BIZfMmJbvxdiZMI2CS5jm2tZAzPiQDaCVUMVCMJ1JGnxKj61hGNEYNBWSpiL83piw0JhxGCSTIcN7s+jNxP+8lsX+ZWciVGwRFJ8dQiEhPWS4FkkjQHtCAyKbJQcqFOVMM0TQgjLOE9EmFeWSPvzF75dJ/azkl0vnt+VC5WreTJYckiNSJD65IBVyQ6qkRjix5Ik8kxfn0Xl13pz3n9GMM985IH/gfHwD+VSXRw==</latexit>

?

<latexit sha1_base64="99MqJ6RbJEEOH+lAIVpyDLQNqF8=">AAAB9nicbVC7TsNAEFyHVwivACXNiQiJKrIRCMoIGsogkYeUWNH5sklOOT90t0ZEVn6BFio6RMvvUPAv2MYFJEw1mtnVzo4XKWnItj+t0srq2vpGebOytb2zu1fdP2ibMNYCWyJUoe563KCSAbZIksJupJH7nsKON73J/M4DaiPD4J5mEbo+HwdyJAWnTOp7IQ2qNbtu52DLxClIDQo0B9Wv/jAUsY8BCcWN6Tl2RG7CNUmhcF7pxwYjLqZ8jL2UBtxH4yZ51jk7iQ2nkEWomVQsF/H3RsJ9Y2a+l076nCZm0cvE/7xeTKMrN5FBFBMGIjtEUmF+yAgt0xKQDaVGIp4lRyYDJrjmRKgl40KkYpy2Ukn7cBa/Xybts7pzXr+4O681rotmynAEx3AKDlxCA26hCS0QMIEneIYX69F6td6s95/RklXsHMIfWB/fyUCS0A==</latexit>

P

<latexit sha1_base64="hQ6+0C8izw8L2VbDQUY6niDbynQ=">AAAB83icbVC7TgMxEPSFVwivACWNRYREFd2hICgjaCgTiTyk5IR8ziZY8flO9hopivIFtFDRIVo+iIJ/wXdcAYGpRjOz2t2JUikM+v6HV1pZXVvfKG9WtrZ3dveq+wddk1jNocMTmeh+xAxIoaCDAiX0Uw0sjiT0oul15vceQBuRqFucpRDGbKLEWHCGTmq37qo1v+7noH9JUJAaKeDyn8NRwm0MCrlkxgwCP8VwzjQKLmFRGVoDKeNTNoGBo4rFYMJ5fuiCnljDMKEpaCokzUX4OTFnsTGzOHLJmOG9WfYy8T9vYHF8Gc6FSi2C4tkiFBLyRYZr4RoAOhIaEFl2OVChKGeaIYIWlHHuROsqqbg+guXv/5LuWT1o1M/bjVrzqmimTI7IMTklAbkgTXJDWqRDOAHySJ7Is2e9F+/Ve/uOlrxi5pD8gvf+BUrJkWE=</latexit>

(if it exists) is called bottom and denoted

?P

<latexit sha1_base64="FUKnRgBLTmiaLO1N8oekLGRLyDE=">AAAB+HicbVC7TsNAEDyHVwivACXNiQiJKrIRCMoIGsogkYeUWNH5sglHzmfrbo0UrPwDLVR0iJa/oeBfOBsXkDDVaGZWuztBLIVB1/10SkvLK6tr5fXKxubW9k51d69tokRzaPFIRrobMANSKGihQAndWAMLAwmdYHKV+Z0H0EZE6hanMfghGysxEpyhldr9IMJBc1CtuXU3B10kXkFqpIDNf/WHEU9CUMglM6bnuTH6KdMouIRZpZ8YiBmfsDH0LFUsBOOn+bUzepQYhhGNQVMhaS7C74mUhcZMw8AmQ4Z3Zt7LxP+8XoKjCz8VKk4QFM8WoZCQLzJcC1sD0KHQgMiyy4EKRTnTDBG0oIxzKya2l4rtw5v/fpG0T+reaf3s5rTWuCyaKZMDckiOiUfOSYNckyZpEU7uyRN5Ji/Oo/PqvDnvP9GSU8zskz9wPr4BJ6yTkw==</latexit>

sometimes written

(N [ {1},)

<latexit sha1_base64="ILroAKqow+rb8b1NWl/RZwIHNFM=">AAACFHicbVC7SgNBFJ2NrxhfUUubwSBEkLArES2DNlYSwTwgG8Ls5CYOmZ1dZ+4KYdnWT/ArbLWyE1t7C//F3ZhCE091OOde7rnHC6UwaNufVm5hcWl5Jb9aWFvf2Nwqbu80TRBpDg0eyEC3PWZACgUNFCihHWpgvieh5Y0uMr91D9qIQN3gOISuz4ZKDARnmEq9Ii27PsNbz4uvEpdHoRu7Qg1w7CZH1JVwd9grluyKPQGdJ86UlMgU9V7xy+0HPPJBIZfMmI5jh9iNmUbBJSQFNzIQMj5iQ+ikVDEfTDeefJLQg8gwDGgImgpJJyL83oiZb8zY99LJLLaZ9TLxP68T4eCsGwsVRgiKZ4dQSJgcMlyLtCKgfaEBkWXJgQpFOdMMEbSgjPNUjNLOCmkfzuz386R5XHGqlZPraql2Pm0mT/bIPikTh5ySGrkkddIgnDyQJ/JMXqxH69V6s95/RnPWdGeX/IH18Q10t56d</latexit>

(}(S),✓)

<latexit sha1_base64="EmPsrwVcPMEWsborwvutNGhpKrU=">AAACBnicbVC7TgJBFJ3FF+JrxdJmIjGBxJBdg9GSaGOJUR4JbMjscMGJsw9n7qiE0PsVtlrZGVt/w8J/cRcpFDzVyTn35p57/FgKjY7zaWUWFpeWV7KrubX1jc0tezvf0JFRHOo8kpFq+UyDFCHUUaCEVqyABb6Epn9zlvrNO1BaROEVDmPwAjYIRV9whonUtfPFzn1cvCwddLTxNSDclrp2wSk7E9B54k5JgUxR69pfnV7ETQAhcsm0brtOjN6IKRRcwjjXMRpixm/YANoJDVkA2htNso/pvtEMIxqDokLSiQi/N0Ys0HoY+MlkwPBaz3qp+J/XNtg/8UYijA1CyNNDKCRMDmmuRFIK0J5QgMjS5EBFSDlTDBGUoIzzRDRJS7mkD3f2+3nSOCy7lfLRRaVQPZ02kyW7ZI8UiUuOSZWckxqpE04eyBN5Ji/Wo/VqvVnvP6MZa7qzQ/7A+vgGjVyYGA==</latexit>

Examples

PO bottom?
<latexit sha1_base64="8FrB/Mij/gnu7Q1JfT5Pmhfbbz4="></latexit>

0

<latexit sha1_base64="Ld7lCz/iBDsqs89Pv4uwvvtrUl8="></latexit>?
<latexit sha1_base64="UNrOMRP5DeQjaBt6Lqe4gtsiaPY=">AAACBnicbVC7TsNAEDyHVwgvE0qaExFSkFBkIwSUETSUQSIPEVvR+bIJp5wf3K0RkZWer6CFig7R8hsU/Au2SQEJU41mdrWz40VSaLSsT6OwsLi0vFJcLa2tb2xumdvllg5jxaHJQxmqjsc0SBFAEwVK6EQKmO9JaHuji8xv34PSIgyucRyB67NhIAaCM0ylnlmuOj7DW89LbiaH1JFwd9AzK1bNykHniT0lFTJFo2d+Of2Qxz4EyCXTumtbEboJUyi4hEnJiTVEjI/YELopDZgP2k3y7BO6H2uGIY1AUSFpLsLvjYT5Wo99L53MgupZLxP/87oxDs7cRARRjBDw7BAKCfkhzZVISwHaFwoQWZYcqAgoZ4ohghKUcZ6KcdpSKe3Dnv1+nrSOavZJzbo6rtTPp80UyS7ZI1Vik1NSJ5ekQZqEkwfyRJ7Ji/FovBpvxvvPaMGY7uyQPzA+vgHU1phA</latexit>

(Z,)
<latexit sha1_base64="SWKEQNSn1tEZ3vIhcBWYLl/2564=">AAACHHicbVDLTgJBEJzFF+IL9ehlIjHBBMmuMeqR6MUjJvKILCGzQ4MTZmfXmV4TsuEX/AS/wquevBmvJh78F3eBg4J16UpVd7q7vFAKg7b9ZWUWFpeWV7KrubX1jc2t/PZO3QSR5lDjgQx002MGpFBQQ4ESmqEG5nsSGt7gMvUbD6CNCNQNDkNo+6yvRE9whonUyReLrs/wzvPi25HLo9CNj1yhejgsTYo7KlFXwv1hJ1+wy/YYdJ44U1IgU1Q7+W+3G/DIB4VcMmNajh1iO2YaBZcwyrmRgZDxAetDK6GK+WDa8fijET2IDMOAhqCpkHQswu+JmPnGDH0v6UzPN7NeKv7ntSLsnbdjocIIQfF0EQoJ40WGa5FEBbQrNCCy9HKgQlHONEMELSjjPBGjJLtckocz+/08qR+XndOyfX1SqFxMk8mSPbJPisQhZ6RCrkiV1Agnj+SZvJBX68l6s96tj0lrxprO7JI/sD5/AJbIodU=</latexit>

(Z [ {�1,1},) <latexit sha1_base64="WZuoYxW0sJoxzBcbmGanA1zH/rc=">AAAB+XicbVC7TsNAEFyHVwivACXNiQiJhshGKFBG0FAGiTykxIrOl0045Xy27tZIkZWPoIWKDtHyNRT8C05wAQlTjWZ2tbMTxEpact1Pp7Cyura+UdwsbW3v7O6V9w9aNkqMwKaIVGQ6AbeopMYmSVLYiQ3yMFDYDsY3M7/9iMbKSN/TJEY/5CMth1JwyqT2WU/qIU365Ypbdedgy8TLSQVyNPrlr94gEkmImoTi1nY9NyY/5YakUDgt9RKLMRdjPsJuRjUP0frpPO6UnSSWU8RiNEwqNhfx90bKQ2snYZBNhpwe7KI3E//zugkNr/xU6jgh1GJ2iKTC+SErjMx6QDaQBon4LDkyqZnghhOhkYwLkYlJVkwp68Nb/H6ZtM6rXq1au7uo1K/zZopwBMdwCh5cQh1uoQFNEDCGJ3iGFyd1Xp035/1ntODkO4fwB87HN+kMlAM=</latexit>�1



    may have many upper bounds
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Upper bound

is an upper bound of

PO Q ✓ P

<latexit sha1_base64="iRxScI2+d36ZnQtKKWVuvnU4HVA=">AAAB/3icbVC7TsNAEDyHVwivACXNiQiJKrJREJQRNJSJRB5SYqHzZRNOOZ+duzVSFKXgK2ihokO0fAoF/8LZuICEqUYzs9rdCWIpDLrup1NYWV1b3yhulra2d3b3yvsHbRMlmkOLRzLS3YAZkEJBCwVK6MYaWBhI6ATj69TvPIA2IlK3OI3BD9lIiaHgDK3kN2nfJIEBhAlt3JUrbtXNQJeJl5MKyWHzX/1BxJMQFHLJjOl5boz+jGkUXMK81E8MxIyP2Qh6lioWgvFn2dFzepIYhhGNQVMhaSbC74kZC42ZhoFNhgzvzaKXiv95vQSHl/5MqDhBUDxdhEJCtshwLWwbQAdCAyJLLwcqFOVMM0TQgjLOrZjYekq2D2/x+2XSPqt6tep5s1apX+XNFMkROSanxCMXpE5uSIO0CCcT8kSeyYvz6Lw6b877T7Tg5DOH5A+cj2/pgZYy</latexit>

Q

<latexit sha1_base64="DmbOAe1Dh5kSskFW6fnhWHDaH70=">AAAB83icbVC7TsNAEDyHVwivACXNiQiJKrJREJQRNJSJRB5SYkXnyyaccj5bd3tIkZUvoIWKDtHyQRT8C7ZxAQlTjWZ2tbMTxFIYdN1Pp7S2vrG5Vd6u7Ozu7R9UD4+6JrKaQ4dHMtL9gBmQQkEHBUroxxpYGEjoBbPbzO89gjYiUvc4j8EP2VSJieAMU6ndHlVrbt3NQVeJV5AaKdAaVb+G44jbEBRyyYwZeG6MfsI0Ci5hURlaAzHjMzaFQUoVC8H4SR50Qc+sYRjRGDQVkuYi/N5IWGjMPAzSyZDhg1n2MvE/b2Bxcu0nQsUWQfHsEAoJ+SHDtUgbADoWGhBZlhyoUJQzzRBBC8o4T0WbVlJJ+/CWv18l3Yu616hfthu15k3RTJmckFNyTjxyRZrkjrRIh3AC5Ik8kxfHOq/Om/P+M1pyip1j8gfOxzdMWJFi</latexit>

(P,v)

<latexit sha1_base64="xQSY0knTZgM2DH8Efv8diFYbyuk=">AAACA3icbVC7TgJBFJ3FF+KDVUubicQEE0N2DUZLoo0lJvJIgJDZ4YITZmeXmTsmhFD6FbZa2RlbP8TCf3FZKRQ81ck59+aee4JYCoOe9+lkVlbX1jeym7mt7Z3dvLu3XzeR1RxqPJKRbgbMgBQKaihQQjPWwMJAQiMYXs/8xgNoIyJ1h+MYOiEbKNEXnGEidd18sXraNiNjAwMIo5OuW/BKXgq6TPw5KZA5ql33q92LuA1BIZfMmJbvxdiZMI2CS5jm2tZAzPiQDaCVUMVCMJ1JGnxKj61hGNEYNBWSpiL83piw0JhxGCSTIcN7s+jNxP+8lsX+ZWciVGwRFJ8dQiEhPWS4FkkjQHtCAyKbJQcqFOVMM0TQgjLOE9EmFeWSPvzF75dJ/azkl0vnt+VC5WreTJYckiNSJD65IBVyQ6qkRjix5Ik8kxfn0Xl13pz3n9GMM985IH/gfHwD+VSXRw==</latexit>

if
(all the elements of     are smaller than     )Q

<latexit sha1_base64="DmbOAe1Dh5kSskFW6fnhWHDaH70=">AAAB83icbVC7TsNAEDyHVwivACXNiQiJKrJREJQRNJSJRB5SYkXnyyaccj5bd3tIkZUvoIWKDtHyQRT8C7ZxAQlTjWZ2tbMTxFIYdN1Pp7S2vrG5Vd6u7Ozu7R9UD4+6JrKaQ4dHMtL9gBmQQkEHBUroxxpYGEjoBbPbzO89gjYiUvc4j8EP2VSJieAMU6ndHlVrbt3NQVeJV5AaKdAaVb+G44jbEBRyyYwZeG6MfsI0Ci5hURlaAzHjMzaFQUoVC8H4SR50Qc+sYRjRGDQVkuYi/N5IWGjMPAzSyZDhg1n2MvE/b2Bxcu0nQsUWQfHsEAoJ+SHDtUgbADoWGhBZlhyoUJQzzRBBC8o4T0WbVlJJ+/CWv18l3Yu616hfthu15k3RTJmckFNyTjxyRZrkjrRIh3AC5Ik8kxfHOq/Om/P+M1pyip1j8gfOxzdMWJFi</latexit>

u 2 P

<latexit sha1_base64="TbJIX0D2puZO1BcUMZbUQnNCPA0=">AAAB+HicbVC7TgMxEPSFVwivACWNRYREFd2hICgjaCiDRB5SckI+ZxNMfA/Za6Rwyj/QQkWHaPkbCv4F33EFJEw1mpnV7k6QSKHRdT+d0tLyyupaeb2ysbm1vVPd3evo2CgObR7LWPUCpkGKCNooUEIvUcDCQEI3mFxmfvcBlBZxdIPTBPyQjSMxEpyhlTpmICLauq3W3Lqbgy4SryA1UsDmvwbDmJsQIuSSad333AT9lCkUXMKsMjAaEsYnbAx9SyMWgvbT/NoZPTKaYUwTUFRImovweyJlodbTMLDJkOGdnvcy8T+vb3B07qciSgxCxLNFKCTkizRXwtYAdCgUILLscqD2d84UQwQlKOPcisb2UrF9ePPfL5LOSd1r1E+vG7XmRdFMmRyQQ3JMPHJGmuSKtEibcHJPnsgzeXEenVfnzXn/iZacYmaf/IHz8Q3QXZNb</latexit>

u

<latexit sha1_base64="oB5TrbLUYhaUPPiSVkY8BpeJM9w=">AAAB83icbVC7TsNAEDyHVwivACXNiQiJKrJREJQRNJSJRB5SYkXnyyaccj5bd3tIkZUvoIWKDtHyQRT8C7ZxAQlTjWZ2tbMTxFIYdN1Pp7S2vrG5Vd6u7Ozu7R9UD4+6JrKaQ4dHMtL9gBmQQkEHBUroxxpYGEjoBbPbzO89gjYiUvc4j8EP2VSJieAMU6ltR9WaW3dz0FXiFaRGCrRG1a/hOOI2BIVcMmMGnhujnzCNgktYVIbWQMz4jE1hkFLFQjB+kgdd0DNrGEY0Bk2FpLkIvzcSFhozD4N0MmT4YJa9TPzPG1icXPuJULFFUDw7hEJCfshwLdIGgI6FBkSWJQcqFOVMM0TQgjLOU9GmlVTSPrzl71dJ96LuNeqX7UateVM0UyYn5JScE49ckSa5Iy3SIZwAeSLP5MWxzqvz5rz/jJacYueY/IHz8Q2EdJGG</latexit>

8q 2 Q. q v u

<latexit sha1_base64="wK6ToKNsSXnVN6EsYKjo0c5t9hs=">AAACGHicbVC7TsNAEDzzJrwMlDQnAhJVZCMQlBE0lEQiASmOovVlE045v+72kFCUH+AT+ApaqOgQLR0F/4IdUkDCVKOZXe3OhKmShjzv05mZnZtfWFxaLq2srq1vuJtbDZNYLbAuEpXomxAMKhljnSQpvEk1QhQqvA7754V/fYfayCS+ovsUWxH0YtmVAiiX2u5e0E00KMWzQMa8VgkyCx2e8cBkxoYGCTNu227Zq3gj8Gnij0mZjXHZdr+CTiJshDEJBcY0fS+l1gA0SaFwWAqswRREH3rYzGkMEZrWYJRmyPetAUp4ippLxUci/t4YQGTMfRTmkxHQrZn0CvE/r2mpe9oayDi1hLEoDpFUODpkhJZ5Tcg7UiMRFJ8jzxsRoIEIteQgRC7avLdS3oc/mX6aNA4r/lHluHZUrp6Nm1liO2yXHTCfnbAqu2CXrM4Ee2BP7Jm9OI/Oq/PmvP+MzjjjnW32B87HN9v1n9g=</latexit>

u

<latexit sha1_base64="oB5TrbLUYhaUPPiSVkY8BpeJM9w=">AAAB83icbVC7TsNAEDyHVwivACXNiQiJKrJREJQRNJSJRB5SYkXnyyaccj5bd3tIkZUvoIWKDtHyQRT8C7ZxAQlTjWZ2tbMTxFIYdN1Pp7S2vrG5Vd6u7Ozu7R9UD4+6JrKaQ4dHMtL9gBmQQkEHBUroxxpYGEjoBbPbzO89gjYiUvc4j8EP2VSJieAMU6ltR9WaW3dz0FXiFaRGCrRG1a/hOOI2BIVcMmMGnhujnzCNgktYVIbWQMz4jE1hkFLFQjB+kgdd0DNrGEY0Bk2FpLkIvzcSFhozD4N0MmT4YJa9TPzPG1icXPuJULFFUDw7hEJCfshwLdIGgI6FBkSWJQcqFOVMM0TQgjLOU9GmlVTSPrzl71dJ96LuNeqX7UateVM0UyYn5JScE49ckSa5Iy3SIZwAeSLP5MWxzqvz5rz/jJacYueY/IHz8Q2EdJGG</latexit>

P

<latexit sha1_base64="hQ6+0C8izw8L2VbDQUY6niDbynQ=">AAAB83icbVC7TgMxEPSFVwivACWNRYREFd2hICgjaCgTiTyk5IR8ziZY8flO9hopivIFtFDRIVo+iIJ/wXdcAYGpRjOz2t2JUikM+v6HV1pZXVvfKG9WtrZ3dveq+wddk1jNocMTmeh+xAxIoaCDAiX0Uw0sjiT0oul15vceQBuRqFucpRDGbKLEWHCGTmq37qo1v+7noH9JUJAaKeDyn8NRwm0MCrlkxgwCP8VwzjQKLmFRGVoDKeNTNoGBo4rFYMJ5fuiCnljDMKEpaCokzUX4OTFnsTGzOHLJmOG9WfYy8T9vYHF8Gc6FSi2C4tkiFBLyRYZr4RoAOhIaEFl2OVChKGeaIYIWlHHuROsqqbg+guXv/5LuWT1o1M/bjVrzqmimTI7IMTklAbkgTXJDWqRDOAHySJ7Is2e9F+/Ve/uOlrxi5pD8gvf+BUrJkWE=</latexit>

Q

<latexit sha1_base64="DmbOAe1Dh5kSskFW6fnhWHDaH70=">AAAB83icbVC7TsNAEDyHVwivACXNiQiJKrJREJQRNJSJRB5SYkXnyyaccj5bd3tIkZUvoIWKDtHyQRT8C7ZxAQlTjWZ2tbMTxFIYdN1Pp7S2vrG5Vd6u7Ozu7R9UD4+6JrKaQ4dHMtL9gBmQQkEHBUroxxpYGEjoBbPbzO89gjYiUvc4j8EP2VSJieAMU6ndHlVrbt3NQVeJV5AaKdAaVb+G44jbEBRyyYwZeG6MfsI0Ci5hURlaAzHjMzaFQUoVC8H4SR50Qc+sYRjRGDQVkuYi/N5IWGjMPAzSyZDhg1n2MvE/b2Bxcu0nQsUWQfHsEAoJ+SHDtUgbADoWGhBZlhyoUJQzzRBBC8o4T0WbVlJJ+/CWv18l3Yu616hfthu15k3RTJmckFNyTjxyRZrkjrRIh3AC5Ik8kxfHOq/Om/P+M1pyip1j8gfOxzdMWJFi</latexit>

u

<latexit sha1_base64="oB5TrbLUYhaUPPiSVkY8BpeJM9w=">AAAB83icbVC7TsNAEDyHVwivACXNiQiJKrJREJQRNJSJRB5SYkXnyyaccj5bd3tIkZUvoIWKDtHyQRT8C7ZxAQlTjWZ2tbMTxFIYdN1Pp7S2vrG5Vd6u7Ozu7R9UD4+6JrKaQ4dHMtL9gBmQQkEHBUroxxpYGEjoBbPbzO89gjYiUvc4j8EP2VSJieAMU6ltR9WaW3dz0FXiFaRGCrRG1a/hOOI2BIVcMmMGnhujnzCNgktYVIbWQMz4jE1hkFLFQjB+kgdd0DNrGEY0Bk2FpLkIvzcSFhozD4N0MmT4YJa9TPzPG1icXPuJULFFUDw7hEJCfshwLdIGgI6FBkSWJQcqFOVMM0TQgjLOU9GmlVTSPrzl71dJ96LuNeqX7UateVM0UyYn5JScE49ckSa5Iy3SIZwAeSLP5MWxzqvz5rz/jJacYueY/IHz8Q2EdJGG</latexit>

Q

<latexit sha1_base64="DmbOAe1Dh5kSskFW6fnhWHDaH70=">AAAB83icbVC7TsNAEDyHVwivACXNiQiJKrJREJQRNJSJRB5SYkXnyyaccj5bd3tIkZUvoIWKDtHyQRT8C7ZxAQlTjWZ2tbMTxFIYdN1Pp7S2vrG5Vd6u7Ozu7R9UD4+6JrKaQ4dHMtL9gBmQQkEHBUroxxpYGEjoBbPbzO89gjYiUvc4j8EP2VSJieAMU6ndHlVrbt3NQVeJV5AaKdAaVb+G44jbEBRyyYwZeG6MfsI0Ci5hURlaAzHjMzaFQUoVC8H4SR50Qc+sYRjRGDQVkuYi/N5IWGjMPAzSyZDhg1n2MvE/b2Bxcu0nQsUWQfHsEAoJ+SHDtUgbADoWGhBZlhyoUJQzzRBBC8o4T0WbVlJJ+/CWv18l3Yu616hfthu15k3RTJmckFNyTjxyRZrkjrRIh3AC5Ik8kxfHOq/Om/P+M1pyip1j8gfOxzdMWJFi</latexit>

P

<latexit sha1_base64="hQ6+0C8izw8L2VbDQUY6niDbynQ=">AAAB83icbVC7TgMxEPSFVwivACWNRYREFd2hICgjaCgTiTyk5IR8ziZY8flO9hopivIFtFDRIVo+iIJ/wXdcAYGpRjOz2t2JUikM+v6HV1pZXVvfKG9WtrZ3dveq+wddk1jNocMTmeh+xAxIoaCDAiX0Uw0sjiT0oul15vceQBuRqFucpRDGbKLEWHCGTmq37qo1v+7noH9JUJAaKeDyn8NRwm0MCrlkxgwCP8VwzjQKLmFRGVoDKeNTNoGBo4rFYMJ5fuiCnljDMKEpaCokzUX4OTFnsTGzOHLJmOG9WfYy8T9vYHF8Gc6FSi2C4tkiFBLyRYZr4RoAOhIaEFl2OVChKGeaIYIWlHHuROsqqbg+guXv/5LuWT1o1M/bjVrzqmimTI7IMTklAbkgTXJDWqRDOAHySJ7Is2e9F+/Ve/uOlrxi5pD8gvf+BUrJkWE=</latexit>

Q

<latexit sha1_base64="DmbOAe1Dh5kSskFW6fnhWHDaH70=">AAAB83icbVC7TsNAEDyHVwivACXNiQiJKrJREJQRNJSJRB5SYkXnyyaccj5bd3tIkZUvoIWKDtHyQRT8C7ZxAQlTjWZ2tbMTxFIYdN1Pp7S2vrG5Vd6u7Ozu7R9UD4+6JrKaQ4dHMtL9gBmQQkEHBUroxxpYGEjoBbPbzO89gjYiUvc4j8EP2VSJieAMU6ndHlVrbt3NQVeJV5AaKdAaVb+G44jbEBRyyYwZeG6MfsI0Ci5hURlaAzHjMzaFQUoVC8H4SR50Qc+sYRjRGDQVkuYi/N5IWGjMPAzSyZDhg1n2MvE/b2Bxcu0nQsUWQfHsEAoJ+SHDtUgbADoWGhBZlhyoUJQzzRBBC8o4T0WbVlJJ+/CWv18l3Yu616hfthu15k3RTJmckFNyTjxyRZrkjrRIh3AC5Ik8kxfHOq/Om/P+M1pyip1j8gfOxzdMWJFi</latexit>

Q

<latexit sha1_base64="DmbOAe1Dh5kSskFW6fnhWHDaH70=">AAAB83icbVC7TsNAEDyHVwivACXNiQiJKrJREJQRNJSJRB5SYkXnyyaccj5bd3tIkZUvoIWKDtHyQRT8C7ZxAQlTjWZ2tbMTxFIYdN1Pp7S2vrG5Vd6u7Ozu7R9UD4+6JrKaQ4dHMtL9gBmQQkEHBUroxxpYGEjoBbPbzO89gjYiUvc4j8EP2VSJieAMU6ndHlVrbt3NQVeJV5AaKdAaVb+G44jbEBRyyYwZeG6MfsI0Ci5hURlaAzHjMzaFQUoVC8H4SR50Qc+sYRjRGDQVkuYi/N5IWGjMPAzSyZDhg1n2MvE/b2Bxcu0nQsUWQfHsEAoJ+SHDtUgbADoWGhBZlhyoUJQzzRBBC8o4T0WbVlJJ+/CWv18l3Yu616hfthu15k3RTJmckFNyTjxyRZrkjrRIh3AC5Ik8kxfHOq/Om/P+M1pyip1j8gfOxzdMWJFi</latexit>

u.b. of

not necessarily

inside Q



5353

Least upper bound
is the least upper bound (lub) of

PO Q ✓ P

<latexit sha1_base64="iRxScI2+d36ZnQtKKWVuvnU4HVA=">AAAB/3icbVC7TsNAEDyHVwivACXNiQiJKrJREJQRNJSJRB5SYqHzZRNOOZ+duzVSFKXgK2ihokO0fAoF/8LZuICEqUYzs9rdCWIpDLrup1NYWV1b3yhulra2d3b3yvsHbRMlmkOLRzLS3YAZkEJBCwVK6MYaWBhI6ATj69TvPIA2IlK3OI3BD9lIiaHgDK3kN2nfJIEBhAlt3JUrbtXNQJeJl5MKyWHzX/1BxJMQFHLJjOl5boz+jGkUXMK81E8MxIyP2Qh6lioWgvFn2dFzepIYhhGNQVMhaSbC74kZC42ZhoFNhgzvzaKXiv95vQSHl/5MqDhBUDxdhEJCtshwLWwbQAdCAyJLLwcqFOVMM0TQgjLOrZjYekq2D2/x+2XSPqt6tep5s1apX+XNFMkROSanxCMXpE5uSIO0CCcT8kSeyYvz6Lw6b877T7Tg5DOH5A+cj2/pgZYy</latexit>

(P,v)

<latexit sha1_base64="xQSY0knTZgM2DH8Efv8diFYbyuk=">AAACA3icbVC7TgJBFJ3FF+KDVUubicQEE0N2DUZLoo0lJvJIgJDZ4YITZmeXmTsmhFD6FbZa2RlbP8TCf3FZKRQ81ck59+aee4JYCoOe9+lkVlbX1jeym7mt7Z3dvLu3XzeR1RxqPJKRbgbMgBQKaihQQjPWwMJAQiMYXs/8xgNoIyJ1h+MYOiEbKNEXnGEidd18sXraNiNjAwMIo5OuW/BKXgq6TPw5KZA5ql33q92LuA1BIZfMmJbvxdiZMI2CS5jm2tZAzPiQDaCVUMVCMJ1JGnxKj61hGNEYNBWSpiL83piw0JhxGCSTIcN7s+jNxP+8lsX+ZWciVGwRFJ8dQiEhPWS4FkkjQHtCAyKbJQcqFOVMM0TQgjLOE9EmFeWSPvzF75dJ/azkl0vnt+VC5WreTJYckiNSJD65IBVyQ6qkRjix5Ik8kxfn0Xl13pz3n9GMM985IH/gfHwD+VSXRw==</latexit>

if
1. it is an upper bound of
2. it is smaller than any other upper bound of

Q

<latexit sha1_base64="DmbOAe1Dh5kSskFW6fnhWHDaH70=">AAAB83icbVC7TsNAEDyHVwivACXNiQiJKrJREJQRNJSJRB5SYkXnyyaccj5bd3tIkZUvoIWKDtHyQRT8C7ZxAQlTjWZ2tbMTxFIYdN1Pp7S2vrG5Vd6u7Ozu7R9UD4+6JrKaQ4dHMtL9gBmQQkEHBUroxxpYGEjoBbPbzO89gjYiUvc4j8EP2VSJieAMU6ndHlVrbt3NQVeJV5AaKdAaVb+G44jbEBRyyYwZeG6MfsI0Ci5hURlaAzHjMzaFQUoVC8H4SR50Qc+sYRjRGDQVkuYi/N5IWGjMPAzSyZDhg1n2MvE/b2Bxcu0nQsUWQfHsEAoJ+SHDtUgbADoWGhBZlhyoUJQzzRBBC8o4T0WbVlJJ+/CWv18l3Yu616hfthu15k3RTJmckFNyTjxyRZrkjrRIh3AC5Ik8kxfHOq/Om/P+M1pyip1j8gfOxzdMWJFi</latexit>

Q

<latexit sha1_base64="DmbOAe1Dh5kSskFW6fnhWHDaH70=">AAAB83icbVC7TsNAEDyHVwivACXNiQiJKrJREJQRNJSJRB5SYkXnyyaccj5bd3tIkZUvoIWKDtHyQRT8C7ZxAQlTjWZ2tbMTxFIYdN1Pp7S2vrG5Vd6u7Ozu7R9UD4+6JrKaQ4dHMtL9gBmQQkEHBUroxxpYGEjoBbPbzO89gjYiUvc4j8EP2VSJieAMU6ndHlVrbt3NQVeJV5AaKdAaVb+G44jbEBRyyYwZeG6MfsI0Ci5hURlaAzHjMzaFQUoVC8H4SR50Qc+sYRjRGDQVkuYi/N5IWGjMPAzSyZDhg1n2MvE/b2Bxcu0nQsUWQfHsEAoJ+SHDtUgbADoWGhBZlhyoUJQzzRBBC8o4T0WbVlJJ+/CWv18l3Yu616hfthu15k3RTJmckFNyTjxyRZrkjrRIh3AC5Ik8kxfHOq/Om/P+M1pyip1j8gfOxzdMWJFi</latexit>

p 2 P

<latexit sha1_base64="cwJKJtqddKRv13p6jf3YdvOp084=">AAAB+HicbVC7TsNAEDyHVwivACXNiQiJKrJREJQRNJRBIg8psdD5sglHzvbpbo0UrPwDLVR0iJa/oeBfOBsXkDDVaGZWuzuBksKg6346paXlldW18nplY3Nre6e6u9cxcaI5tHksY90LmAEpImijQAk9pYGFgYRuMLnM/O4DaCPi6AanCvyQjSMxEpyhlTpqICLauq3W3Lqbgy4SryA1UsDmvwbDmCchRMglM6bvuQr9lGkUXMKsMkgMKMYnbAx9SyMWgvHT/NoZPUoMw5gq0FRImovweyJloTHTMLDJkOGdmfcy8T+vn+Do3E9FpBKEiGeLUEjIFxmuha0B6FBoQGTZ5UDt75xphghaUMa5FRPbS8X24c1/v0g6J3WvUT+9btSaF0UzZXJADskx8cgZaZIr0iJtwsk9eSLP5MV5dF6dN+f9J1pyipl98gfOxzfIeZNW</latexit>

p

<latexit sha1_base64="aWC2zGC8aZF+4A2BKSlzBYyo+mY=">AAAB83icbVC7TsNAEDyHVwivACXNiQiJKrJREJQRNJSJRB5SYkXnyyaccrZPd3tIkZUvoIWKDtHyQRT8C7ZxAQlTjWZ2tbMTKCkMuu6nU1pb39jcKm9Xdnb39g+qh0ddE1vNocNjGet+wAxIEUEHBUroKw0sDCT0gtlt5vceQRsRR/c4V+CHbBqJieAMU6mtRtWaW3dz0FXiFaRGCrRG1a/hOOY2hAi5ZMYMPFehnzCNgktYVIbWgGJ8xqYwSGnEQjB+kgdd0DNrGMZUgaZC0lyE3xsJC42Zh0E6GTJ8MMteJv7nDSxOrv1ERMoiRDw7hEJCfshwLdIGgI6FBkSWJQcqIsqZZoigBWWcp6JNK6mkfXjL36+S7kXda9Qv241a86ZopkxOyCk5Jx65Ik1yR1qkQzgB8kSeyYtjnVfnzXn/GS05xc4x+QPn4xt8qZGB</latexit>

Q

<latexit sha1_base64="DmbOAe1Dh5kSskFW6fnhWHDaH70=">AAAB83icbVC7TsNAEDyHVwivACXNiQiJKrJREJQRNJSJRB5SYkXnyyaccj5bd3tIkZUvoIWKDtHyQRT8C7ZxAQlTjWZ2tbMTxFIYdN1Pp7S2vrG5Vd6u7Ozu7R9UD4+6JrKaQ4dHMtL9gBmQQkEHBUroxxpYGEjoBbPbzO89gjYiUvc4j8EP2VSJieAMU6ndHlVrbt3NQVeJV5AaKdAaVb+G44jbEBRyyYwZeG6MfsI0Ci5hURlaAzHjMzaFQUoVC8H4SR50Qc+sYRjRGDQVkuYi/N5IWGjMPAzSyZDhg1n2MvE/b2Bxcu0nQsUWQfHsEAoJ+SHDtUgbADoWGhBZlhyoUJQzzRBBC8o4T0WbVlJJ+/CWv18l3Yu616hfthu15k3RTJmckFNyTjxyRZrkjrRIh3AC5Ik8kxfHOq/Om/P+M1pyip1j8gfOxzdMWJFi</latexit>

P

<latexit sha1_base64="hQ6+0C8izw8L2VbDQUY6niDbynQ=">AAAB83icbVC7TgMxEPSFVwivACWNRYREFd2hICgjaCgTiTyk5IR8ziZY8flO9hopivIFtFDRIVo+iIJ/wXdcAYGpRjOz2t2JUikM+v6HV1pZXVvfKG9WtrZ3dveq+wddk1jNocMTmeh+xAxIoaCDAiX0Uw0sjiT0oul15vceQBuRqFucpRDGbKLEWHCGTmq37qo1v+7noH9JUJAaKeDyn8NRwm0MCrlkxgwCP8VwzjQKLmFRGVoDKeNTNoGBo4rFYMJ5fuiCnljDMKEpaCokzUX4OTFnsTGzOHLJmOG9WfYy8T9vYHF8Gc6FSi2C4tkiFBLyRYZr4RoAOhIaEFl2OVChKGeaIYIWlHHuROsqqbg+guXv/5LuWT1o1M/bjVrzqmimTI7IMTklAbkgTXJDWqRDOAHySJ7Is2e9F+/Ve/uOlrxi5pD8gvf+BUrJkWE=</latexit>

Q

<latexit sha1_base64="DmbOAe1Dh5kSskFW6fnhWHDaH70=">AAAB83icbVC7TsNAEDyHVwivACXNiQiJKrJREJQRNJSJRB5SYkXnyyaccj5bd3tIkZUvoIWKDtHyQRT8C7ZxAQlTjWZ2tbMTxFIYdN1Pp7S2vrG5Vd6u7Ozu7R9UD4+6JrKaQ4dHMtL9gBmQQkEHBUroxxpYGEjoBbPbzO89gjYiUvc4j8EP2VSJieAMU6ndHlVrbt3NQVeJV5AaKdAaVb+G44jbEBRyyYwZeG6MfsI0Ci5hURlaAzHjMzaFQUoVC8H4SR50Qc+sYRjRGDQVkuYi/N5IWGjMPAzSyZDhg1n2MvE/b2Bxcu0nQsUWQfHsEAoJ+SHDtUgbADoWGhBZlhyoUJQzzRBBC8o4T0WbVlJJ+/CWv18l3Yu616hfthu15k3RTJmckFNyTjxyRZrkjrRIh3AC5Ik8kxfHOq/Om/P+M1pyip1j8gfOxzdMWJFi</latexit>

Q

<latexit sha1_base64="DmbOAe1Dh5kSskFW6fnhWHDaH70=">AAAB83icbVC7TsNAEDyHVwivACXNiQiJKrJREJQRNJSJRB5SYkXnyyaccj5bd3tIkZUvoIWKDtHyQRT8C7ZxAQlTjWZ2tbMTxFIYdN1Pp7S2vrG5Vd6u7Ozu7R9UD4+6JrKaQ4dHMtL9gBmQQkEHBUroxxpYGEjoBbPbzO89gjYiUvc4j8EP2VSJieAMU6ndHlVrbt3NQVeJV5AaKdAaVb+G44jbEBRyyYwZeG6MfsI0Ci5hURlaAzHjMzaFQUoVC8H4SR50Qc+sYRjRGDQVkuYi/N5IWGjMPAzSyZDhg1n2MvE/b2Bxcu0nQsUWQfHsEAoJ+SHDtUgbADoWGhBZlhyoUJQzzRBBC8o4T0WbVlJJ+/CWv18l3Yu616hfthu15k3RTJmckFNyTjxyRZrkjrRIh3AC5Ik8kxfHOq/Om/P+M1pyip1j8gfOxzdMWJFi</latexit>

u.b. of
p

<latexit sha1_base64="aWC2zGC8aZF+4A2BKSlzBYyo+mY=">AAAB83icbVC7TsNAEDyHVwivACXNiQiJKrJREJQRNJSJRB5SYkXnyyaccrZPd3tIkZUvoIWKDtHyQRT8C7ZxAQlTjWZ2tbMTKCkMuu6nU1pb39jcKm9Xdnb39g+qh0ddE1vNocNjGet+wAxIEUEHBUroKw0sDCT0gtlt5vceQRsRR/c4V+CHbBqJieAMU6mtRtWaW3dz0FXiFaRGCrRG1a/hOOY2hAi5ZMYMPFehnzCNgktYVIbWgGJ8xqYwSGnEQjB+kgdd0DNrGMZUgaZC0lyE3xsJC42Zh0E6GTJ8MMteJv7nDSxOrv1ERMoiRDw7hEJCfshwLdIGgI6FBkSWJQcqIsqZZoigBWWcp6JNK6mkfXjL36+S7kXda9Qv241a86ZopkxOyCk5Jx65Ik1yR1qkQzgB8kSeyYtjnVfnzXn/GS05xc4x+QPn4xt8qZGB</latexit>

not necessarily an element ofp

<latexit sha1_base64="aWC2zGC8aZF+4A2BKSlzBYyo+mY=">AAAB83icbVC7TsNAEDyHVwivACXNiQiJKrJREJQRNJSJRB5SYkXnyyaccrZPd3tIkZUvoIWKDtHyQRT8C7ZxAQlTjWZ2tbMTKCkMuu6nU1pb39jcKm9Xdnb39g+qh0ddE1vNocNjGet+wAxIEUEHBUroKw0sDCT0gtlt5vceQRsRR/c4V+CHbBqJieAMU6mtRtWaW3dz0FXiFaRGCrRG1a/hOOY2hAi5ZMYMPFehnzCNgktYVIbWgGJ8xqYwSGnEQjB+kgdd0DNrGMZUgaZC0lyE3xsJC42Zh0E6GTJ8MMteJv7nDSxOrv1ERMoiRDw7hEJCfshwLdIGgI6FBkSWJQcqIsqZZoigBWWcp6JNK6mkfXjL36+S7kXda9Qv241a86ZopkxOyCk5Jx65Ik1yR1qkQzgB8kSeyYtjnVfnzXn/GS05xc4x+QPn4xt8qZGB</latexit>

Q

<latexit sha1_base64="DmbOAe1Dh5kSskFW6fnhWHDaH70=">AAAB83icbVC7TsNAEDyHVwivACXNiQiJKrJREJQRNJSJRB5SYkXnyyaccj5bd3tIkZUvoIWKDtHyQRT8C7ZxAQlTjWZ2tbMTxFIYdN1Pp7S2vrG5Vd6u7Ozu7R9UD4+6JrKaQ4dHMtL9gBmQQkEHBUroxxpYGEjoBbPbzO89gjYiUvc4j8EP2VSJieAMU6ndHlVrbt3NQVeJV5AaKdAaVb+G44jbEBRyyYwZeG6MfsI0Ci5hURlaAzHjMzaFQUoVC8H4SR50Qc+sYRjRGDQVkuYi/N5IWGjMPAzSyZDhg1n2MvE/b2Bxcu0nQsUWQfHsEAoJ+SHDtUgbADoWGhBZlhyoUJQzzRBBC8o4T0WbVlJJ+/CWv18l3Yu616hfthu15k3RTJmckFNyTjxyRZrkjrRIh3AC5Ik8kxfHOq/Om/P+M1pyip1j8gfOxzdMWJFi</latexit>

8q 2 Q. q v p

<latexit sha1_base64="JbtaqHgTz7412Xd4smCEXCCOR7M=">AAACF3icbVC7TgMxEPTxDOEVoKSxiJCoTncIBGUEDSVIBCLlIrTnbIIV3yP2GimK8gF8Al9BCxUdoqWk4F9wwhUQmGo8M6v1TpwraSgIPryZ2bn5hcXSUnl5ZXVtvbKxeWUyqwXWRaYy3YjBoJIp1kmSwkauEZJY4XXcOx3713eojczSSxrk2Eqgm8qOFEBOuqlUo06mQSnej2TKL/yob6HtHqZvbGyQsM9zlwr8YAL+l4QFqbIC5zeVz6idCZtgSkKBMc0wyKk1BE1SKByVI2swB9GDLjYdTSFB0xpOjhnxXWuAMp6j5lLxiYg/J4aQGDNIYpdMgG7NtDcW//OaljrHraFMc0uYivEikgoni4zQ0rWEvC01EsH458hdIQI0EKGWHIRwonW1lV0f4fT1f8nVvh8e+IcXB9XaSdFMiW2zHbbHQnbEauyMnbM6E+yePbIn9uw9eC/eq/f2HZ3xipkt9gve+xdzgZ+p</latexit>

8u 2 P. (8q 2 Q.q v u) ) p v u

<latexit sha1_base64="54TkK+kRDV+HmLVT9zSkn/8xpwo="></latexit>

p = lub Q

<latexit sha1_base64="BAqJt5g3FyGtBN7udIMTHAiI1KI=">AAACB3icbVC7TsNAEDyHVwivQEqaExESVWQjEDRIETSUiUQeUmxF58smnHI+W3drpMjKB/AVtFDRIVo+g4J/wTYuIGGq0cyudnb8SAqDtv1plVZW19Y3ypuVre2d3b3q/kHXhLHm0OGhDHXfZwakUNBBgRL6kQYW+BJ6/vQm83sPoI0I1R3OIvACNlFiLDjDVBpWaxG9om7A8F5gImN/7tL2sFq3G3YOukycgtRJgdaw+uWOQh4HoJBLZszAsSP0EqZRcAnzihsbiBifsgkMUqpYAMZL8vBzehwbhiGNQFMhaS7C742EBcbMAj+dzGKaRS8T//MGMY4vvUSoKEZQPDuEQkJ+yHAt0laAjoQGRJYlByoU5UwzRNCCMs5TMU5rqqR9OIvfL5PuacM5a5y3z+rN66KZMjkkR+SEOOSCNMktaZEO4WRGnsgzebEerVfrzXr/GS1ZxU6N/IH18Q3IOZjO</latexit>

we write

intuitively, it is the least element
that represents all of Q

<latexit sha1_base64="DmbOAe1Dh5kSskFW6fnhWHDaH70=">AAAB83icbVC7TsNAEDyHVwivACXNiQiJKrJREJQRNJSJRB5SYkXnyyaccj5bd3tIkZUvoIWKDtHyQRT8C7ZxAQlTjWZ2tbMTxFIYdN1Pp7S2vrG5Vd6u7Ozu7R9UD4+6JrKaQ4dHMtL9gBmQQkEHBUroxxpYGEjoBbPbzO89gjYiUvc4j8EP2VSJieAMU6ndHlVrbt3NQVeJV5AaKdAaVb+G44jbEBRyyYwZeG6MfsI0Ci5hURlaAzHjMzaFQUoVC8H4SR50Qc+sYRjRGDQVkuYi/N5IWGjMPAzSyZDhg1n2MvE/b2Bxcu0nQsUWQfHsEAoJ+SHDtUgbADoWGhBZlhyoUJQzzRBBC8o4T0WbVlJJ+/CWv18l3Yu616hfthu15k3RTJmckFNyTjxyRZrkjrRIh3AC5Ik8kxfHOq/Om/P+M1pyip1j8gfOxzdMWJFi</latexit>
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Example
{a, b}

<latexit sha1_base64="oezc2rttqiINIiJViYupSlzM0Tc=">AAAB+XicbVC7TsNAEDyHVwivACXNiQiJAkU2CoIygoYySOQhxVG0vmzCKeeH7tZIkZWPoIWKDtHyNRT8C7ZxAQlTjWZ2tbPjRUoasu1Pq7Syura+Ud6sbG3v7O5V9w86Joy1wLYIVah7HhhUMsA2SVLYizSC7ynsetObzO8+ojYyDO5pFuHAh0kgx1IApVLXTeDMc+fDas2u2zn4MnEKUmMFWsPqlzsKRexjQEKBMX3HjmiQgCYpFM4rbmwwAjGFCfZTGoCPZpDkcef8JDZAIY9Qc6l4LuLvjQR8Y2a+l076QA9m0cvE/7x+TOOrQSKDKCYMRHaIpML8kBFapj0gH0mNRJAlRy4DLkADEWrJQYhUjNNiKmkfzuL3y6RzXnca9Yu7Rq15XTRTZkfsmJ0yh12yJrtlLdZmgk3ZE3tmL1ZivVpv1vvPaMkqdg7ZH1gf38mVk+w=</latexit>

?

<latexit sha1_base64="99MqJ6RbJEEOH+lAIVpyDLQNqF8=">AAAB9nicbVC7TsNAEFyHVwivACXNiQiJKrIRCMoIGsogkYeUWNH5sklOOT90t0ZEVn6BFio6RMvvUPAv2MYFJEw1mtnVzo4XKWnItj+t0srq2vpGebOytb2zu1fdP2ibMNYCWyJUoe563KCSAbZIksJupJH7nsKON73J/M4DaiPD4J5mEbo+HwdyJAWnTOp7IQ2qNbtu52DLxClIDQo0B9Wv/jAUsY8BCcWN6Tl2RG7CNUmhcF7pxwYjLqZ8jL2UBtxH4yZ51jk7iQ2nkEWomVQsF/H3RsJ9Y2a+l076nCZm0cvE/7xeTKMrN5FBFBMGIjtEUmF+yAgt0xKQDaVGIp4lRyYDJrjmRKgl40KkYpy2Ukn7cBa/Xybts7pzXr+4O681rotmynAEx3AKDlxCA26hCS0QMIEneIYX69F6td6s95/RklXsHMIfWB/fyUCS0A==</latexit>

a

<latexit sha1_base64="MQD0+q7W9JQlE6NmGsQrJdOcJ6w=">AAAB83icbVC7TsNAEDyHVwivACXNiQiJKrJREJQRNJSJRB5SYkXryyaccn7obo0UWfkCWqjoEC0fRMG/YBsXkDDVaGZXOztepKQh2/60SmvrG5tb5e3Kzu7e/kH18KhrwlgL7IhQhbrvgUElA+yQJIX9SCP4nsKeN7vN/N4jaiPD4J7mEbo+TAM5kQIoldowqtbsup2DrxKnIDVWoDWqfg3HoYh9DEgoMGbg2BG5CWiSQuGiMowNRiBmMMVBSgPw0bhJHnTBz2IDFPIINZeK5yL+3kjAN2bue+mkD/Rglr1M/M8bxDS5dhMZRDFhILJDJBXmh4zQMm0A+VhqJIIsOXIZcAEaiFBLDkKkYpxWUkn7cJa/XyXdi7rTqF+2G7XmTdFMmZ2wU3bOHHbFmuyOtViHCYbsiT2zFyu2Xq036/1ntGQVO8fsD6yPb2VIkXI=</latexit>

b

<latexit sha1_base64="l9PXQhr6Mef9YUqOLMmt0mny4BM=">AAAB83icbVC7TsNAEDyHVwivACXNiQiJKrJREJQRNJSJRB5SYkXnyyaccj5bd3tIkZUvoIWKDtHyQRT8C7ZxAQlTjWZ2tbMTxFIYdN1Pp7S2vrG5Vd6u7Ozu7R9UD4+6JrKaQ4dHMtL9gBmQQkEHBUroxxpYGEjoBbPbzO89gjYiUvc4j8EP2VSJieAMU6kdjKo1t+7moKvEK0iNFGiNql/DccRtCAq5ZMYMPDdGP2EaBZewqAytgZjxGZvCIKWKhWD8JA+6oGfWMIxoDJoKSXMRfm8kLDRmHgbpZMjwwSx7mfifN7A4ufYToWKLoHh2CIWE/JDhWqQNAB0LDYgsSw5UKMqZZoigBWWcp6JNK6mkfXjL36+S7kXda9Qv241a86ZopkxOyCk5Jx65Ik1yR1qkQzgB8kSeyYtjnVfnzXn/GS05xc4x+QPn4xtm15Fz</latexit>

c

<latexit sha1_base64="8lkGYVqN80/JmHJElsNXhSjUF68=">AAAB83icbVC7TsNAEDyHVwivACXNiQiJKrJREJQRNJSJRB5SYkXnyyaccj5bd3tIkZUvoIWKDtHyQRT8C7ZxAQlTjWZ2tbMTxFIYdN1Pp7S2vrG5Vd6u7Ozu7R9UD4+6JrKaQ4dHMtL9gBmQQkEHBUroxxpYGEjoBbPbzO89gjYiUvc4j8EP2VSJieAMU6nNR9WaW3dz0FXiFaRGCrRG1a/hOOI2BIVcMmMGnhujnzCNgktYVIbWQMz4jE1hkFLFQjB+kgdd0DNrGEY0Bk2FpLkIvzcSFhozD4N0MmT4YJa9TPzPG1icXPuJULFFUDw7hEJCfshwLdIGgI6FBkSWJQcqFOVMM0TQgjLOU9GmlVTSPrzl71dJ96LuNeqX7UateVM0UyYn5JScE49ckSa5Iy3SIZwAeSLP5MWxzqvz5rz/jJacYueY/IHz8Q1oZpF0</latexit>

e

<latexit sha1_base64="B1htBkQUejbPtsItSS5hdebO2Js=">AAAB83icbVC7TsNAEDyHVwivACXNiQiJKrJREJQRNJSJRB5SYkXnyyaccj5bd3tIkZUvoIWKDtHyQRT8C7ZxAQlTjWZ2tbMTxFIYdN1Pp7S2vrG5Vd6u7Ozu7R9UD4+6JrKaQ4dHMtL9gBmQQkEHBUroxxpYGEjoBbPbzO89gjYiUvc4j8EP2VSJieAMU6kNo2rNrbs56CrxClIjBVqj6tdwHHEbgkIumTEDz43RT5hGwSUsKkNrIGZ8xqYwSKliIRg/yYMu6Jk1DCMag6ZC0lyE3xsJC42Zh0E6GTJ8MMteJv7nDSxOrv1EqNgiKJ4dQiEhP2S4FmkDQMdCAyLLkgMVinKmGSJoQRnnqWjTSippH97y96uke1H3GvXLdqPWvCmaKZMTckrOiUeuSJPckRbpEE6APJFn8uJY59V5c95/RktOsXNM/sD5+AZrhJF2</latexit>

f

<latexit sha1_base64="H7mM6ob8NDgJ0va0bQzoeEJeSbg=">AAAB83icbVC7TsNAEDyHVwivACXNiQiJKrJREJQRNJSJRB5SYkXnyyaccj5bd3tIkZUvoIWKDtHyQRT8C7ZxAQlTjWZ2tbMTxFIYdN1Pp7S2vrG5Vd6u7Ozu7R9UD4+6JrKaQ4dHMtL9gBmQQkEHBUroxxpYGEjoBbPbzO89gjYiUvc4j8EP2VSJieAMU6k9GVVrbt3NQVeJV5AaKdAaVb+G44jbEBRyyYwZeG6MfsI0Ci5hURlaAzHjMzaFQUoVC8H4SR50Qc+sYRjRGDQVkuYi/N5IWGjMPAzSyZDhg1n2MvE/b2Bxcu0nQsUWQfHsEAoJ+SHDtUgbADoWGhBZlhyoUJQzzRBBC8o4T0WbVlJJ+/CWv18l3Yu616hfthu15k3RTJmckFNyTjxyRZrkjrRIh3AC5Ik8kxfHOq/Om/P+M1pyip1j8gfOxzdtE5F3</latexit>

g

<latexit sha1_base64="rPbfdRzrpqZiPIuAZPPo8IcJhNE=">AAAB83icbVC7TsNAEDyHVwivACXNiQiJKrJREJQRNJSJRB5SYkXnyyaccj5bd3tIkZUvoIWKDtHyQRT8C7ZxAQlTjWZ2tbMTxFIYdN1Pp7S2vrG5Vd6u7Ozu7R9UD4+6JrKaQ4dHMtL9gBmQQkEHBUroxxpYGEjoBbPbzO89gjYiUvc4j8EP2VSJieAMU6k9HVVrbt3NQVeJV5AaKdAaVb+G44jbEBRyyYwZeG6MfsI0Ci5hURlaAzHjMzaFQUoVC8H4SR50Qc+sYRjRGDQVkuYi/N5IWGjMPAzSyZDhg1n2MvE/b2Bxcu0nQsUWQfHsEAoJ+SHDtUgbADoWGhBZlhyoUJQzzRBBC8o4T0WbVlJJ+/CWv18l3Yu616hfthu15k3RTJmckFNyTjxyRZrkjrRIh3AC5Ik8kxfHOq/Om/P+M1pyip1j8gfOxzduopF4</latexit>

h

<latexit sha1_base64="g7fdRCEqoqpK1viieF6z/CAbQ3k=">AAAB83icbVC7TsNAEDyHVwivACXNiQiJKrIRCMoIGspEIg8psaLzZZOccj5bd3tIkZUvoIWKDtHyQRT8C7ZxAQlTjWZ2tbMTxFIYdN1Pp7S2vrG5Vd6u7Ozu7R9UD486JrKaQ5tHMtK9gBmQQkEbBUroxRpYGEjoBrO7zO8+gjYiUg84j8EP2USJseAMU6k1HVZrbt3NQVeJV5AaKdAcVr8Go4jbEBRyyYzpe26MfsI0Ci5hURlYAzHjMzaBfkoVC8H4SR50Qc+sYRjRGDQVkuYi/N5IWGjMPAzSyZDh1Cx7mfif17c4vvEToWKLoHh2CIWE/JDhWqQNAB0JDYgsSw5UKMqZZoigBWWcp6JNK6mkfXjL36+SzkXdu6xftS5rjduimTI5IafknHjkmjTIPWmSNuEEyBN5Ji+OdV6dN+f9Z7TkFDvH5A+cj29wMZF5</latexit>

i

<latexit sha1_base64="22L+Wf2bqTmgpp6TnvyAaaRwJwA=">AAAB83icbVC7TsNAEDyHVwivACXNiQiJKrJREJQRNJSJRB5SYkXnyyaccj5bd3tIkZUvoIWKDtHyQRT8C7ZxAQlTjWZ2tbMTxFIYdN1Pp7S2vrG5Vd6u7Ozu7R9UD4+6JrKaQ4dHMtL9gBmQQkEHBUroxxpYGEjoBbPbzO89gjYiUvc4j8EP2VSJieAMU6ktRtWaW3dz0FXiFaRGCrRG1a/hOOI2BIVcMmMGnhujnzCNgktYVIbWQMz4jE1hkFLFQjB+kgdd0DNrGEY0Bk2FpLkIvzcSFhozD4N0MmT4YJa9TPzPG1icXPuJULFFUDw7hEJCfshwLdIGgI6FBkSWJQcqFOVMM0TQgjLOU9GmlVTSPrzl71dJ96LuNeqX7UateVM0UyYn5JScE49ckSa5Iy3SIZwAeSLP5MWxzqvz5rz/jJacYueY/IHz8Q1xwJF6</latexit>

>

<latexit sha1_base64="VKI+8g3SR5fpFUEb0rdkxKp6kPY=">AAAB9nicbVC7TsNAEDyHVwivACXNiQiJKrIRCMoIGsogkYeUWNH5sklOOZ9Pd2tEZOUXaKGiQ7T8DgX/gm1cQMJUo5ld7ewEWgqLrvvplFZW19Y3ypuVre2d3b3q/kHbRrHh0OKRjEw3YBakUNBCgRK62gALAwmdYHqT+Z0HMFZE6h5nGvyQjZUYCc4wk/oY6UG15tbdHHSZeAWpkQLNQfWrP4x4HIJCLpm1Pc/V6CfMoOAS5pV+bEEzPmVj6KVUsRCsn+RZ5/QktgwjqsFQIWkuwu+NhIXWzsIgnQwZTuyil4n/eb0YR1d+IpSOERTPDqGQkB+y3Ii0BKBDYQCRZcmBCkU5MwwRjKCM81SM01YqaR/e4vfLpH1W987rF3fntcZ10UyZHJFjcko8ckka5JY0SYtwMiFP5Jm8OI/Oq/PmvP+Mlpxi55D8gfPxDd82kt4=</latexit>

Upper bounds of ?

lub? f

<latexit sha1_base64="H7mM6ob8NDgJ0va0bQzoeEJeSbg=">AAAB83icbVC7TsNAEDyHVwivACXNiQiJKrJREJQRNJSJRB5SYkXnyyaccj5bd3tIkZUvoIWKDtHyQRT8C7ZxAQlTjWZ2tbMTxFIYdN1Pp7S2vrG5Vd6u7Ozu7R9UD4+6JrKaQ4dHMtL9gBmQQkEHBUroxxpYGEjoBbPbzO89gjYiUvc4j8EP2VSJieAMU6k9GVVrbt3NQVeJV5AaKdAaVb+G44jbEBRyyYwZeG6MfsI0Ci5hURlaAzHjMzaFQUoVC8H4SR50Qc+sYRjRGDQVkuYi/N5IWGjMPAzSyZDhg1n2MvE/b2Bxcu0nQsUWQfHsEAoJ+SHDtUgbADoWGhBZlhyoUJQzzRBBC8o4T0WbVlJJ+/CWv18l3Yu616hfthu15k3RTJmckFNyTjxyRZrkjrRIh3AC5Ik8kxfHOq/Om/P+M1pyip1j8gfOxzdtE5F3</latexit>

<latexit sha1_base64="dgn3zupXlBUxI3gw95yFIu8BjT0=">AAACAHicbVC7TsNAEDzzDOEVoKQ5ESFRRJGNEFBG0FAGiTyk2ETnyyY55Xy27tZIkZWGr6CFig7R8icU/Au2cQEJU41mdrWz40dSGLTtT2tpeWV1bb20Ud7c2t7Zreztt00Yaw4tHspQd31mQAoFLRQooRtpYIEvoeNPrjO/8wDaiFDd4TQCL2AjJYaCM0ylezcZ1sY1UXMxjNxZv1K163YOukicglRJgWa/8uUOQh4HoJBLZkzPsSP0EqZRcAmzshsbiBifsBH0UqpYAMZL8tQzehwbhiGNQFMhaS7C742EBcZMAz+dDBiOzbyXif95vRiHl14iVBQjKJ4dQiEhP2S4FmkdQAdCAyLLkgMVinKmGSJoQRnnqRin/ZTTPpz57xdJ+7TunNft27Nq46popkQOyRE5IQ65IA1yQ5qkRTjR5Ik8kxfr0Xq13qz3n9Elq9g5IH9gfXwDwZGWqg==</latexit>

{f, h, i,>}
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?

<latexit sha1_base64="99MqJ6RbJEEOH+lAIVpyDLQNqF8=">AAAB9nicbVC7TsNAEFyHVwivACXNiQiJKrIRCMoIGsogkYeUWNH5sklOOT90t0ZEVn6BFio6RMvvUPAv2MYFJEw1mtnVzo4XKWnItj+t0srq2vpGebOytb2zu1fdP2ibMNYCWyJUoe563KCSAbZIksJupJH7nsKON73J/M4DaiPD4J5mEbo+HwdyJAWnTOp7IQ2qNbtu52DLxClIDQo0B9Wv/jAUsY8BCcWN6Tl2RG7CNUmhcF7pxwYjLqZ8jL2UBtxH4yZ51jk7iQ2nkEWomVQsF/H3RsJ9Y2a+l076nCZm0cvE/7xeTKMrN5FBFBMGIjtEUmF+yAgt0xKQDaVGIp4lRyYDJrjmRKgl40KkYpy2Ukn7cBa/Xybts7pzXr+4O681rotmynAEx3AKDlxCA26hCS0QMIEneIYX69F6td6s95/RklXsHMIfWB/fyUCS0A==</latexit>

a

<latexit sha1_base64="MQD0+q7W9JQlE6NmGsQrJdOcJ6w=">AAAB83icbVC7TsNAEDyHVwivACXNiQiJKrJREJQRNJSJRB5SYkXryyaccn7obo0UWfkCWqjoEC0fRMG/YBsXkDDVaGZXOztepKQh2/60SmvrG5tb5e3Kzu7e/kH18KhrwlgL7IhQhbrvgUElA+yQJIX9SCP4nsKeN7vN/N4jaiPD4J7mEbo+TAM5kQIoldowqtbsup2DrxKnIDVWoDWqfg3HoYh9DEgoMGbg2BG5CWiSQuGiMowNRiBmMMVBSgPw0bhJHnTBz2IDFPIINZeK5yL+3kjAN2bue+mkD/Rglr1M/M8bxDS5dhMZRDFhILJDJBXmh4zQMm0A+VhqJIIsOXIZcAEaiFBLDkKkYpxWUkn7cJa/XyXdi7rTqF+2G7XmTdFMmZ2wU3bOHHbFmuyOtViHCYbsiT2zFyu2Xq036/1ntGQVO8fsD6yPb2VIkXI=</latexit>

b

<latexit sha1_base64="l9PXQhr6Mef9YUqOLMmt0mny4BM=">AAAB83icbVC7TsNAEDyHVwivACXNiQiJKrJREJQRNJSJRB5SYkXnyyaccj5bd3tIkZUvoIWKDtHyQRT8C7ZxAQlTjWZ2tbMTxFIYdN1Pp7S2vrG5Vd6u7Ozu7R9UD4+6JrKaQ4dHMtL9gBmQQkEHBUroxxpYGEjoBbPbzO89gjYiUvc4j8EP2VSJieAMU6kdjKo1t+7moKvEK0iNFGiNql/DccRtCAq5ZMYMPDdGP2EaBZewqAytgZjxGZvCIKWKhWD8JA+6oGfWMIxoDJoKSXMRfm8kLDRmHgbpZMjwwSx7mfifN7A4ufYToWKLoHh2CIWE/JDhWqQNAB0LDYgsSw5UKMqZZoigBWWcp6JNK6mkfXjL36+S7kXda9Qv241a86ZopkxOyCk5Jx65Ik1yR1qkQzgB8kSeyYtjnVfnzXn/GS05xc4x+QPn4xtm15Fz</latexit>

c

<latexit sha1_base64="8lkGYVqN80/JmHJElsNXhSjUF68=">AAAB83icbVC7TsNAEDyHVwivACXNiQiJKrJREJQRNJSJRB5SYkXnyyaccj5bd3tIkZUvoIWKDtHyQRT8C7ZxAQlTjWZ2tbMTxFIYdN1Pp7S2vrG5Vd6u7Ozu7R9UD4+6JrKaQ4dHMtL9gBmQQkEHBUroxxpYGEjoBbPbzO89gjYiUvc4j8EP2VSJieAMU6nNR9WaW3dz0FXiFaRGCrRG1a/hOOI2BIVcMmMGnhujnzCNgktYVIbWQMz4jE1hkFLFQjB+kgdd0DNrGEY0Bk2FpLkIvzcSFhozD4N0MmT4YJa9TPzPG1icXPuJULFFUDw7hEJCfshwLdIGgI6FBkSWJQcqFOVMM0TQgjLOU9GmlVTSPrzl71dJ96LuNeqX7UateVM0UyYn5JScE49ckSa5Iy3SIZwAeSLP5MWxzqvz5rz/jJacYueY/IHz8Q1oZpF0</latexit>

e

<latexit sha1_base64="B1htBkQUejbPtsItSS5hdebO2Js=">AAAB83icbVC7TsNAEDyHVwivACXNiQiJKrJREJQRNJSJRB5SYkXnyyaccj5bd3tIkZUvoIWKDtHyQRT8C7ZxAQlTjWZ2tbMTxFIYdN1Pp7S2vrG5Vd6u7Ozu7R9UD4+6JrKaQ4dHMtL9gBmQQkEHBUroxxpYGEjoBbPbzO89gjYiUvc4j8EP2VSJieAMU6kNo2rNrbs56CrxClIjBVqj6tdwHHEbgkIumTEDz43RT5hGwSUsKkNrIGZ8xqYwSKliIRg/yYMu6Jk1DCMag6ZC0lyE3xsJC42Zh0E6GTJ8MMteJv7nDSxOrv1EqNgiKJ4dQiEhP2S4FmkDQMdCAyLLkgMVinKmGSJoQRnnqWjTSippH97y96uke1H3GvXLdqPWvCmaKZMTckrOiUeuSJPckRbpEE6APJFn8uJY59V5c95/RktOsXNM/sD5+AZrhJF2</latexit>

f

<latexit sha1_base64="H7mM6ob8NDgJ0va0bQzoeEJeSbg=">AAAB83icbVC7TsNAEDyHVwivACXNiQiJKrJREJQRNJSJRB5SYkXnyyaccj5bd3tIkZUvoIWKDtHyQRT8C7ZxAQlTjWZ2tbMTxFIYdN1Pp7S2vrG5Vd6u7Ozu7R9UD4+6JrKaQ4dHMtL9gBmQQkEHBUroxxpYGEjoBbPbzO89gjYiUvc4j8EP2VSJieAMU6k9GVVrbt3NQVeJV5AaKdAaVb+G44jbEBRyyYwZeG6MfsI0Ci5hURlaAzHjMzaFQUoVC8H4SR50Qc+sYRjRGDQVkuYi/N5IWGjMPAzSyZDhg1n2MvE/b2Bxcu0nQsUWQfHsEAoJ+SHDtUgbADoWGhBZlhyoUJQzzRBBC8o4T0WbVlJJ+/CWv18l3Yu616hfthu15k3RTJmckFNyTjxyRZrkjrRIh3AC5Ik8kxfHOq/Om/P+M1pyip1j8gfOxzdtE5F3</latexit>

g

<latexit sha1_base64="rPbfdRzrpqZiPIuAZPPo8IcJhNE=">AAAB83icbVC7TsNAEDyHVwivACXNiQiJKrJREJQRNJSJRB5SYkXnyyaccj5bd3tIkZUvoIWKDtHyQRT8C7ZxAQlTjWZ2tbMTxFIYdN1Pp7S2vrG5Vd6u7Ozu7R9UD4+6JrKaQ4dHMtL9gBmQQkEHBUroxxpYGEjoBbPbzO89gjYiUvc4j8EP2VSJieAMU6k9HVVrbt3NQVeJV5AaKdAaVb+G44jbEBRyyYwZeG6MfsI0Ci5hURlaAzHjMzaFQUoVC8H4SR50Qc+sYRjRGDQVkuYi/N5IWGjMPAzSyZDhg1n2MvE/b2Bxcu0nQsUWQfHsEAoJ+SHDtUgbADoWGhBZlhyoUJQzzRBBC8o4T0WbVlJJ+/CWv18l3Yu616hfthu15k3RTJmckFNyTjxyRZrkjrRIh3AC5Ik8kxfHOq/Om/P+M1pyip1j8gfOxzduopF4</latexit>

h

<latexit sha1_base64="g7fdRCEqoqpK1viieF6z/CAbQ3k=">AAAB83icbVC7TsNAEDyHVwivACXNiQiJKrIRCMoIGspEIg8psaLzZZOccj5bd3tIkZUvoIWKDtHyQRT8C7ZxAQlTjWZ2tbMTxFIYdN1Pp7S2vrG5Vd6u7Ozu7R9UD486JrKaQ5tHMtK9gBmQQkEbBUroxRpYGEjoBrO7zO8+gjYiUg84j8EP2USJseAMU6k1HVZrbt3NQVeJV5AaKdAcVr8Go4jbEBRyyYzpe26MfsI0Ci5hURlYAzHjMzaBfkoVC8H4SR50Qc+sYRjRGDQVkuYi/N5IWGjMPAzSyZDh1Cx7mfif17c4vvEToWKLoHh2CIWE/JDhWqQNAB0JDYgsSw5UKMqZZoigBWWcp6JNK6mkfXjL36+SzkXdu6xftS5rjduimTI5IafknHjkmjTIPWmSNuEEyBN5Ji+OdV6dN+f9Z7TkFDvH5A+cj29wMZF5</latexit>

i

<latexit sha1_base64="22L+Wf2bqTmgpp6TnvyAaaRwJwA=">AAAB83icbVC7TsNAEDyHVwivACXNiQiJKrJREJQRNJSJRB5SYkXnyyaccj5bd3tIkZUvoIWKDtHyQRT8C7ZxAQlTjWZ2tbMTxFIYdN1Pp7S2vrG5Vd6u7Ozu7R9UD4+6JrKaQ4dHMtL9gBmQQkEHBUroxxpYGEjoBbPbzO89gjYiUvc4j8EP2VSJieAMU6ktRtWaW3dz0FXiFaRGCrRG1a/hOOI2BIVcMmMGnhujnzCNgktYVIbWQMz4jE1hkFLFQjB+kgdd0DNrGEY0Bk2FpLkIvzcSFhozD4N0MmT4YJa9TPzPG1icXPuJULFFUDw7hEJCfshwLdIGgI6FBkSWJQcqFOVMM0TQgjLOU9GmlVTSPrzl71dJ96LuNeqX7UateVM0UyYn5JScE49ckSa5Iy3SIZwAeSLP5MWxzqvz5rz/jJacYueY/IHz8Q1xwJF6</latexit>

>

<latexit sha1_base64="VKI+8g3SR5fpFUEb0rdkxKp6kPY=">AAAB9nicbVC7TsNAEDyHVwivACXNiQiJKrIRCMoIGsogkYeUWNH5sklOOZ9Pd2tEZOUXaKGiQ7T8DgX/gm1cQMJUo5ld7ewEWgqLrvvplFZW19Y3ypuVre2d3b3q/kHbRrHh0OKRjEw3YBakUNBCgRK62gALAwmdYHqT+Z0HMFZE6h5nGvyQjZUYCc4wk/oY6UG15tbdHHSZeAWpkQLNQfWrP4x4HIJCLpm1Pc/V6CfMoOAS5pV+bEEzPmVj6KVUsRCsn+RZ5/QktgwjqsFQIWkuwu+NhIXWzsIgnQwZTuyil4n/eb0YR1d+IpSOERTPDqGQkB+y3Ii0BKBDYQCRZcmBCkU5MwwRjKCM81SM01YqaR/e4vfLpH1W987rF3fntcZ10UyZHJFjcko8ckka5JY0SYtwMiFP5Jm8OI/Oq/PmvP+Mlpxi55D8gfPxDd82kt4=</latexit>

Upper bounds of ?{b, c}

<latexit sha1_base64="oLp1OS4Ak8mIJ56Gisxd5awNhXs=">AAAB+XicbVC7TsNAEFyHVwivACXNiQiJAkU2CoIygoYySOQhxVF0vmzCKeeH7tZIkZWPoIWKDtHyNRT8C7ZxAQlTjWZ2tbPjRUoasu1Pq7Syura+Ud6sbG3v7O5V9w86Joy1wLYIVah7HjeoZIBtkqSwF2nkvqew601vMr/7iNrIMLinWYQDn08COZaCUyp13cQ7E+58WK3ZdTsHWyZOQWpQoDWsfrmjUMQ+BiQUN6bv2BENEq5JCoXzihsbjLiY8gn2UxpwH80gyePO2UlsOIUsQs2kYrmIvzcS7hsz87100uf0YBa9TPzP68c0vhokMohiwkBkh0gqzA8ZoWXaA7KR1EjEs+TIZMAE15wItWRciFSM02IqaR/O4vfLpHNedxr1i7tGrXldNFOGIziGU3DgEppwCy1og4ApPMEzvFiJ9Wq9We8/oyWr2DmEP7A+vgHMuZPu</latexit>

lub? no lub!

<latexit sha1_base64="coOCn/8UfxlDI37YQSdY7/npcAc=">AAAB/nicbVDLSsNAFJ3UV62vqks3g0VwUUoioi6LblxWsA9oQplMb9uhk2SYuRFKKPgVbnXlTtz6Ky78F5OYhbae1eGce7nnHl9JYdC2P63Syura+kZ5s7K1vbO7V90/6Jgo1hzaPJKR7vnMgBQhtFGghJ7SwAJfQtef3mR+9wG0EVF4jzMFXsDGoRgJzjCVXDeZ1EXdxUi580G1ZjfsHHSZOAWpkQKtQfXLHUY8DiBELpkxfcdW6CVMo+AS5hU3NqAYn7Ix9FMasgCMl+SZ5/QkNgwjqkBTIWkuwu+NhAXGzAI/nQwYTsyil4n/ef0YR1deIkIVI4Q8O4RCQn7IcC3SMoAOhQZEliUHKkLKmWaIoAVlnKdinLZTSftwFr9fJp2zhnPRsO/Oa83ropkyOSLH5JQ45JI0yS1pkTbhRJEn8kxerEfr1Xqz3n9GS1axc0j+wPr4BowglgQ=</latexit>

{h, i,>}



5656

Example
(}(S),✓)

<latexit sha1_base64="EmPsrwVcPMEWsborwvutNGhpKrU=">AAACBnicbVC7TgJBFJ3FF+JrxdJmIjGBxJBdg9GSaGOJUR4JbMjscMGJsw9n7qiE0PsVtlrZGVt/w8J/cRcpFDzVyTn35p57/FgKjY7zaWUWFpeWV7KrubX1jc0tezvf0JFRHOo8kpFq+UyDFCHUUaCEVqyABb6Epn9zlvrNO1BaROEVDmPwAjYIRV9whonUtfPFzn1cvCwddLTxNSDclrp2wSk7E9B54k5JgUxR69pfnV7ETQAhcsm0brtOjN6IKRRcwjjXMRpixm/YANoJDVkA2htNso/pvtEMIxqDokLSiQi/N0Ys0HoY+MlkwPBaz3qp+J/XNtg/8UYijA1CyNNDKCRMDmmuRFIK0J5QgMjS5EBFSDlTDBGUoIzzRDRJS7mkD3f2+3nSOCy7lfLRRaVQPZ02kyW7ZI8UiUuOSZWckxqpE04eyBN5Ji/Wo/VqvVnvP6MZa7qzQ/7A+vgGjVyYGA==</latexit>

;

<latexit sha1_base64="sua0L48/fo4twSd56/RGOGI6Pbw=">AAAB+3icbVC7TsNAEDyHVwivACXNiQiJKrJREJQRNJRBIg+UWNH5sgmn3NmnuzVSZOUraKGiQ7R8DAX/gm1cQMJUo5ld7ewEWgqLrvvplFZW19Y3ypuVre2d3b3q/kHHRrHh0OaRjEwvYBakCKGNAiX0tAGmAgndYHqd+d1HMFZE4R3ONPiKTUIxFpxhKt0PQGmcWcBhtebW3Rx0mXgFqZECrWH1azCKeKwgRC6ZtX3P1egnzKDgEuaVQWxBMz5lE+inNGQKrJ/kgef0JLYMI6rBUCFpLsLvjYQpa2cqSCcVwwe76GXif14/xvGln4hQxwghzw6hkJAfstyItAmgI2EAkWXJgYqQcmYYIhhBGeepGKfVVNI+vMXvl0nnrO416ue3jVrzqmimTI7IMTklHrkgTXJDWqRNOFHkiTyTF2fuvDpvzvvPaMkpdg7JHzgf3wEylTg=</latexit>

{a}

<latexit sha1_base64="pVbBbUhNlkwY6Zf7Cg92PIEpRDc=">AAAB93icbVC7TsNAEDyHVwivACXNiQiJKrJREJQRNJRBwkmkOIrWl0045fzQ3RopsvINtFDRIVo+h4J/wTYuIDDVaGZXOzt+rKQh2/6wKiura+sb1c3a1vbO7l59/6BrokQLdEWkIt33waCSIbokSWE/1giBr7Dnz65zv/eA2sgovKN5jMMApqGcSAGUSa6XgrcY1Rt20y7A/xKnJA1WojOqf3rjSCQBhiQUGDNw7JiGKWiSQuGi5iUGYxAzmOIgoyEEaIZpEXbBTxIDFPEYNZeKFyL+3EghMGYe+NlkAHRvlr1c/M8bJDS5HKYyjBPCUOSHSCosDhmhZdYC8rHUSAR5cuQy5AI0EKGWHITIxCSrpZb14Sx//5d0z5pOq3l+22q0r8pmquyIHbNT5rAL1mY3rMNcJphkj+yJPVtz68V6td6+RytWuXPIfsF6/wKejJNK</latexit>

{b}

<latexit sha1_base64="k+6t3bARBT49hGzXbMkMmfA4hGI=">AAAB93icbVC7TsNAEDyHVwivACXNiQiJKrJREJQRNJRBwkmkOIrWl0045fzQ3RopsvINtFDRIVo+h4J/wTYuIDDVaGZXOzt+rKQh2/6wKiura+sb1c3a1vbO7l59/6BrokQLdEWkIt33waCSIbokSWE/1giBr7Dnz65zv/eA2sgovKN5jMMApqGcSAGUSa6X+t5iVG/YTbsA/0uckjRYic6o/umNI5EEGJJQYMzAsWMapqBJCoWLmpcYjEHMYIqDjIYQoBmmRdgFP0kMUMRj1FwqXoj4cyOFwJh54GeTAdC9WfZy8T9vkNDkcpjKME4IQ5EfIqmwOGSEllkLyMdSIxHkyZHLkAvQQIRachAiE5OsllrWh7P8/V/SPWs6reb5bavRviqbqbIjdsxOmcMuWJvdsA5zmWCSPbIn9mzNrRfr1Xr7Hq1Y5c4h+wXr/QugHZNL</latexit>

{c}

<latexit sha1_base64="38FTEuiMhQWulv9si0CIvQXIprs=">AAAB93icbVC7TsNAEFyHVwivACXNiQiJKrJREJQRNJRBwkmkOIrOl0045fzQ3RopsvINtFDRIVo+h4J/wTYuIDDVaGZXOzt+rKQh2/6wKiura+sb1c3a1vbO7l59/6BrokQLdEWkIt33uUElQ3RJksJ+rJEHvsKeP7vO/d4DaiOj8I7mMQ4DPg3lRApOmeR6qfAWo3rDbtoF2F/ilKQBJTqj+qc3jkQSYEhCcWMGjh3TMOWapFC4qHmJwZiLGZ/iIKMhD9AM0yLsgp0khlPEYtRMKlaI+HMj5YEx88DPJgNO92bZy8X/vEFCk8thKsM4IQxFfoikwuKQEVpmLSAbS41EPE+OTIZMcM2JUEvGhcjEJKullvXhLH//l3TPmk6reX7barSvymaqcATHcAoOXEAbbqADLgiQ8AhP8GzNrRfr1Xr7Hq1Y5c4h/IL1/gWhrpNM</latexit>

{a, c}

<latexit sha1_base64="3kzghB7jQdVpa1MiFh34MN6TnT0=">AAAB+XicbVC7TsNAEDyHVwivACXNiQiJAkU2CoIygoYySOQhxVG0vmzCKeeH7tZIkZWPoIWKDtHyNRT8C7ZxAQlTjWZ2tbPjRUoasu1Pq7Syura+Ud6sbG3v7O5V9w86Joy1wLYIVah7HhhUMsA2SVLYizSC7ynsetObzO8+ojYyDO5pFuHAh0kgx1IApVLXTeBMuPNhtWbX7Rx8mTgFqbECrWH1yx2FIvYxIKHAmL5jRzRIQJMUCucVNzYYgZjCBPspDcBHM0jyuHN+EhugkEeouVQ8F/H3RgK+MTPfSyd9oAez6GXif14/pvHVIJFBFBMGIjtEUmF+yAgt0x6Qj6RGIsiSI5cBF6CBCLXkIEQqxmkxlbQPZ/H7ZdI5rzuN+sVdo9a8LpopsyN2zE6Zwy5Zk92yFmszwabsiT2zFyuxXq036/1ntGQVO4fsD6yPb8smk+0=</latexit>

{a, b}

<latexit sha1_base64="oezc2rttqiINIiJViYupSlzM0Tc=">AAAB+XicbVC7TsNAEDyHVwivACXNiQiJAkU2CoIygoYySOQhxVG0vmzCKeeH7tZIkZWPoIWKDtHyNRT8C7ZxAQlTjWZ2tbPjRUoasu1Pq7Syura+Ud6sbG3v7O5V9w86Joy1wLYIVah7HhhUMsA2SVLYizSC7ynsetObzO8+ojYyDO5pFuHAh0kgx1IApVLXTeDMc+fDas2u2zn4MnEKUmMFWsPqlzsKRexjQEKBMX3HjmiQgCYpFM4rbmwwAjGFCfZTGoCPZpDkcef8JDZAIY9Qc6l4LuLvjQR8Y2a+l076QA9m0cvE/7x+TOOrQSKDKCYMRHaIpML8kBFapj0gH0mNRJAlRy4DLkADEWrJQYhUjNNiKmkfzuL3y6RzXnca9Yu7Rq15XTRTZkfsmJ0yh12yJrtlLdZmgk3ZE3tmL1ZivVpv1vvPaMkqdg7ZH1gf38mVk+w=</latexit>

{b, c}

<latexit sha1_base64="oLp1OS4Ak8mIJ56Gisxd5awNhXs=">AAAB+XicbVC7TsNAEFyHVwivACXNiQiJAkU2CoIygoYySOQhxVF0vmzCKeeH7tZIkZWPoIWKDtHyNRT8C7ZxAQlTjWZ2tbPjRUoasu1Pq7Syura+Ud6sbG3v7O5V9w86Joy1wLYIVah7HjeoZIBtkqSwF2nkvqew601vMr/7iNrIMLinWYQDn08COZaCUyp13cQ7E+58WK3ZdTsHWyZOQWpQoDWsfrmjUMQ+BiQUN6bv2BENEq5JCoXzihsbjLiY8gn2UxpwH80gyePO2UlsOIUsQs2kYrmIvzcS7hsz87100uf0YBa9TPzP68c0vhokMohiwkBkh0gqzA8ZoWXaA7KR1EjEs+TIZMAE15wItWRciFSM02IqaR/O4vfLpHNedxr1i7tGrXldNFOGIziGU3DgEppwCy1og4ApPMEzvFiJ9Wq9We8/oyWr2DmEP7A+vgHMuZPu</latexit>

{a, b, c}

<latexit sha1_base64="GW1LiJRcBYvKoryG35AdMkR2Yvw=">AAAB+3icbVC7TsNAEDyHVwivACXNiQiJIopsFARlBA1lkMgDxVG0vmzCKeeH7tZIkeWvoIWKDtHyMRT8C05wAQlTjWZ2tbPjRUoasu1Pq7Cyura+UdwsbW3v7O6V9w/aJoy1wJYIVai7HhhUMsAWSVLYjTSC7ynseJPrmd95RG1kGNzRNMK+D+NAjqQAyqR7N4GqVxVuOihX7Jo9B18mTk4qLEdzUP5yh6GIfQxIKDCm59gR9RPQJIXCtOTGBiMQExhjL6MB+Gj6yTxwyk9iAxTyCDWXis9F/L2RgG/M1PeySR/owSx6M/E/rxfT6LKfyCCKCQMxO0RS4fyQEVpmTSAfSo1EMEuOXAZcgAYi1JKDEJkYZ9WUsj6cxe+XSfus5tRr57f1SuMqb6bIjtgxO2UOu2ANdsOarMUE89kTe2YvVmq9Wm/W+89owcp3DtkfWB/f91OUjw==</latexit>

Q ✓ }(S)

<latexit sha1_base64="6i4bqb6rCIDv6tjO/dzmj28DHIg=">AAACBnicbVC7TgJBFJ3FF+JrxdJmIjHBhuwajJZEG0uI8khYQmaHC06Y3R1n7qqE0PsVtlrZGVt/w8J/cRcpFDzVyTn35p57fCWFQcf5tDJLyyura9n13Mbm1vaOvZtvmCjWHOo8kpFu+cyAFCHUUaCEltLAAl9C0x9epH7zDrQRUXiNIwWdgA1C0RecYSJ17XyNeib2DSDcUu9eFa+OunbBKTlT0EXizkiBzFDt2l9eL+JxACFyyYxpu47CzphpFFzCJOfFBhTjQzaAdkJDFoDpjKfZJ/QwNgwjqkBTIelUhN8bYxYYMwr8ZDJgeGPmvVT8z2vH2D/rjEWoYoSQp4dQSJgeMlyLpBSgPaEBkaXJgYqQcqYZImhBGeeJGCct5ZI+3PnvF0njuOSWSye1cqFyPmsmS/bJASkSl5ySCrkkVVInnDyQJ/JMXqxH69V6s95/RjPWbGeP/IH18Q2yDJgs</latexit>

lub? lub Q =
[

T2Q

T

<latexit sha1_base64="VcD8GpR+ryHc3g4/ELikIK5AFtI=">AAACGHicbVC7SgNBFJ2NrxhfUUubwShYhV2JaCMEbSwTyAuyyzI7uYlDZh/M3BHCkh/wE/wKW63sxNbOwn9xN6bQ6KkO59zLvecEiRQabfvDKiwtr6yuFddLG5tb2zvl3b2Ojo3i0OaxjFUvYBqkiKCNAiX0EgUsDCR0g/F17nfvQGkRRy2cJOCFbBSJoeAMM8kvH7khw1uBqTTB1KVNekndQIy4Sfy05YqINqe05ZcrdtWegf4lzpxUyBwNv/zpDmJuQoiQS6Z137ET9FKmUHAJ05JrNCSMj9kI+hmNWAjaS2dppvTYaIYxTUBRIelMhJ8bKQu1noRBNpn/rhe9XPzP6xscXnipiBKDEPH8EAoJs0OaK5HVBHQgFCCy/HOgWXzOFEMEJSjjPBNN1lsp68NZTP+XdE6rTq161qxV6lfzZorkgBySE+KQc1InN6RB2oSTe/JInsiz9WC9WK/W2/dowZrv7JNfsN6/AI3Rn6E=</latexit>

lub {{a}, {b}} = {a, b}

<latexit sha1_base64="/cUtwoZeE69hMu8S1+l+W0bD3to=">AAACHHicbVA9SwNBEN3zM8avqKXNYhBSSLgTRRshaGOpYFTIhjC3TuLi3ge7c4Ic9xf8Cf4KW63sxFaw8L+4F1No9LHF2/dmmJkXplpZ8v0Pb2JyanpmtjJXnV9YXFquraye2yQzEtsy0Ym5DMGiVjG2SZHGy9QgRKHGi/DmqPQvbtFYlcRndJdiN4JBrPpKAjmpV2uICOhaUa6zsBBc5O6BKLZEHopCFPyg/G853qvV/aY/BP9LghGpsxFOerVPcZXILMKYpAZrO4GfUjcHQ0pqLKois5iCvIEBdhyNIULbzYcXFXwzs0AJT9FwpflQxJ8dOUTW3kWhqyz3t+NeKf7ndTLq73dzFacZYSzLQaQ0DgdZaZSLCvmVMkgE5ebIVcwlGCBCozhI6cTMZVd1eQTj1/8l59vNYKe5e7pTbx2OkqmwdbbBGixge6zFjtkJazPJ7tkje2LP3oP34r16b9+lE96oZ439gvf+BTxyoZ0=</latexit>



5757

Chain
PO(P,v)

<latexit sha1_base64="xQSY0knTZgM2DH8Efv8diFYbyuk=">AAACA3icbVC7TgJBFJ3FF+KDVUubicQEE0N2DUZLoo0lJvJIgJDZ4YITZmeXmTsmhFD6FbZa2RlbP8TCf3FZKRQ81ck59+aee4JYCoOe9+lkVlbX1jeym7mt7Z3dvLu3XzeR1RxqPJKRbgbMgBQKaihQQjPWwMJAQiMYXs/8xgNoIyJ1h+MYOiEbKNEXnGEidd18sXraNiNjAwMIo5OuW/BKXgq6TPw5KZA5ql33q92LuA1BIZfMmJbvxdiZMI2CS5jm2tZAzPiQDaCVUMVCMJ1JGnxKj61hGNEYNBWSpiL83piw0JhxGCSTIcN7s+jNxP+8lsX+ZWciVGwRFJ8dQiEhPWS4FkkjQHtCAyKbJQcqFOVMM0TQgjLOE9EmFeWSPvzF75dJ/azkl0vnt+VC5WreTJYckiNSJD65IBVyQ6qkRjix5Ik8kxfn0Xl13pz3n9GMM985IH/gfHwD+VSXRw==</latexit>

{di}i2N

<latexit sha1_base64="0zgwWhqo7BV5kSGmcIub7zsVnd0=">AAACDHicbVBNS8NAEN34WetX1YvgZbEInkoiFT0WvXiSClaFpoTNdqqDm03YnQglxJ/gr/CqJ2/i1f/gwf9iUnvQ6js93pth3rwwUWjJdT+cqemZ2bn5ykJ1cWl5ZbW2tn5h49RI6MhYxeYqFBYUaugQkoKrxICIQgWX4e1x6V/egbEY63MaJtCLxLXGAUpBhRTUNv2sH6CfBxn6qP1I0E0YZqd5HtTqbsMdgf8l3pjU2RjtoPbp92OZRqBJKmFt13MT6mXCEEoFedVPLSRC3opr6BZUiwhsLxt9kPOd1AqKeQKGo+IjEX5uZCKydhiFxWQZ0U56pfif101pcNjLUCcpgZblIUIFo0NWGiyqAd5HA0SiTA4cNZfCCCIwyIWUhZgWXVWLPrzJ7/+Si72G12zsnzXrraNxMxW2xbbZLvPYAWuxE9ZmHSbZPXtkT+zZeXBenFfn7Xt0yhnvbLBfcN6/AG+jnAc=</latexit>

is a chain if 8i 2 N. di v di+1

<latexit sha1_base64="rcGN917rjiQsB1SZnNfLYGWsMYI=">AAACJHicbVDLSgNBEJz1bXxFPXoZDIIghF2J6FH04kkUjArZEHonHW2cfTjTK8iS3/AT/AqvevImHjzotzgbc/BVp+qqbrq7okyTZd9/80ZGx8YnJqemKzOzc/ML1cWlU5vmRmFTpTo15xFY1JRgk4k1nmcGIY40nkVX+6V/doPGUpqc8G2G7RguEuqRAnZSp+qHvdSA1pJCSmQYA19GUXHYr4ey26HQXts8ssh47cqCNoJ+p1rz6/4A8i8JhqQmhjjqVN/DbqryGBNWGqxtBX7G7QIMk9LYr4S5xQzUFVxgy9EEYrTtYvBZX67lFjiVGRpJWg5E/D5RQGztbRy5zvJ0+9srxf+8Vs69nXZBSZYzJqpcxKRxsMgqQy4ylF0yyAzl5ShdOgoMMKMhCUo5MXcZVlwewe/v/5LTzXrQqG8dN2q7e8NkpsSKWBXrIhDbYlcciCPRFErciQfxKJ68e+/Ze/Fev1pHvOHMsvgB7+MTsEKlAg==</latexit>

d0 v d1 v d2 v · · · v dn v · · ·

<latexit sha1_base64="2R7YqjOEJLWwOE8hrIhzFtNmHMU=">AAACTXicbVC7TsNAEDyHRyC8ApQ0JyIkqsiOQFBG0FCCRB4oiazzeRNOOZ+d2zUSivg2PoGagpIWKjqEcEIK8phqdmZWezdBohWS6746uaXlldX82nphY3Nre6e4u1fHOLUSajLWsW0GAkErAzVSpKGZWBBRoKER9C9HfuMBLKrY3NJjAp1I9IzqKikok/ziXei7hTYOMA0QCAY89L2ZuTI1t2UYE85EzIKIXyy5ZXcMPk+8CSmxCa794ls7jGUagSGpBWLLcxPqDIUlJTU8FdopQiJkX/SglVEjIsDOcFzBEz9KUVDME7BcaT4W4f/GUESIj1GQJSNB9zjrjcRFXiul7nlnqEySEhg5OkRKw/gQSquyboGHygKRGL0cuDJcCiuIwCoupMzENCu7kPXhzf5+ntQrZe+kfHpzUqpeTJpZYwfskB0zj52xKrti16zGJHtm7+yDfTovzpfz7fz8RXPOZGefTSGX/wVuNLTg</latexit>

finite chain: there are only finitely many distinct elements
9k 2 N. 8i � k. di = di+1

<latexit sha1_base64="nny8Ws+O1VGOIMVfcq9p8Q9cdFM="></latexit>

or equivalently
9k 2 N. 8i � k. di = dk

<latexit sha1_base64="9INtbqF+S5sXi9Jm1lvirtzvVYE="></latexit>

any chain is an infinite list
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Limit of a chain
PO(P,v)

<latexit sha1_base64="xQSY0knTZgM2DH8Efv8diFYbyuk=">AAACA3icbVC7TgJBFJ3FF+KDVUubicQEE0N2DUZLoo0lJvJIgJDZ4YITZmeXmTsmhFD6FbZa2RlbP8TCf3FZKRQ81ck59+aee4JYCoOe9+lkVlbX1jeym7mt7Z3dvLu3XzeR1RxqPJKRbgbMgBQKaihQQjPWwMJAQiMYXs/8xgNoIyJ1h+MYOiEbKNEXnGEidd18sXraNiNjAwMIo5OuW/BKXgq6TPw5KZA5ql33q92LuA1BIZfMmJbvxdiZMI2CS5jm2tZAzPiQDaCVUMVCMJ1JGnxKj61hGNEYNBWSpiL83piw0JhxGCSTIcN7s+jNxP+8lsX+ZWciVGwRFJ8dQiEhPWS4FkkjQHtCAyKbJQcqFOVMM0TQgjLOE9EmFeWSPvzF75dJ/azkl0vnt+VC5WreTJYckiNSJD65IBVyQ6qkRjix5Ik8kxfn0Xl13pz3n9GMM985IH/gfHwD+VSXRw==</latexit>

{di}i2N

<latexit sha1_base64="0zgwWhqo7BV5kSGmcIub7zsVnd0=">AAACDHicbVBNS8NAEN34WetX1YvgZbEInkoiFT0WvXiSClaFpoTNdqqDm03YnQglxJ/gr/CqJ2/i1f/gwf9iUnvQ6js93pth3rwwUWjJdT+cqemZ2bn5ykJ1cWl5ZbW2tn5h49RI6MhYxeYqFBYUaugQkoKrxICIQgWX4e1x6V/egbEY63MaJtCLxLXGAUpBhRTUNv2sH6CfBxn6qP1I0E0YZqd5HtTqbsMdgf8l3pjU2RjtoPbp92OZRqBJKmFt13MT6mXCEEoFedVPLSRC3opr6BZUiwhsLxt9kPOd1AqKeQKGo+IjEX5uZCKydhiFxWQZ0U56pfif101pcNjLUCcpgZblIUIFo0NWGiyqAd5HA0SiTA4cNZfCCCIwyIWUhZgWXVWLPrzJ7/+Si72G12zsnzXrraNxMxW2xbbZLvPYAWuxE9ZmHSbZPXtkT+zZeXBenFfn7Xt0yhnvbLBfcN6/AG+jnAc=</latexit>

a chain

we denote by
G

i2N
di

<latexit sha1_base64="m+Z974HGJ4GfRUMa/X+a0s6NJlY=">AAACEnicbVC7TsNAEDzzDOEVoERCJyIkqshGQVAiaKhQkMhDiiPrfFnCivPZ3K2RkJWOT+AraKGiQ7T8AAX/gh1SQGCq0cyudnbCRKEl1/1wpqZnZufmSwvlxaXlldXK2nrLxqmR0JSxik0nFBYUamgSkoJOYkBEoYJ2eH1S+O1bMBZjfUF3CfQiMdB4iVJQLgWVLT/Egb2RaRJk6KP2I0FXYZidDYe8H2BQqbo1dwT+l3hjUmVjNILKp9+PZRqBJqmEtV3PTaiXCUMoFQzLfmohEfJaDKCbUy0isL1s9MeQ76RWUMwTMBwVH4nwcyMTkbV3UZhPFjHtpFeI/3ndlC4PexnqJCXQsjhEqGB0yEqDeUHA+2iASBTJgaPmUhhBBAa5kDIX07yxct6HN/n9X9Laq3n12v55vXp0PG6mxDbZNttlHjtgR+yUNViTSXbPHtkTe3YenBfn1Xn7Hp1yxjsb7Bec9y/wC55t</latexit>

the lub of {di}i2N

<latexit sha1_base64="0zgwWhqo7BV5kSGmcIub7zsVnd0=">AAACDHicbVBNS8NAEN34WetX1YvgZbEInkoiFT0WvXiSClaFpoTNdqqDm03YnQglxJ/gr/CqJ2/i1f/gwf9iUnvQ6js93pth3rwwUWjJdT+cqemZ2bn5ykJ1cWl5ZbW2tn5h49RI6MhYxeYqFBYUaugQkoKrxICIQgWX4e1x6V/egbEY63MaJtCLxLXGAUpBhRTUNv2sH6CfBxn6qP1I0E0YZqd5HtTqbsMdgf8l3pjU2RjtoPbp92OZRqBJKmFt13MT6mXCEEoFedVPLSRC3opr6BZUiwhsLxt9kPOd1AqKeQKGo+IjEX5uZCKydhiFxWQZ0U56pfif101pcNjLUCcpgZblIUIFo0NWGiyqAd5HA0SiTA4cNZfCCCIwyIWUhZgWXVWLPrzJ7/+Si72G12zsnzXrraNxMxW2xbbZLvPYAWuxE9ZmHSbZPXtkT+zZeXBenFfn7Xt0yhnvbLBfcN6/AG+jnAc=</latexit>

if it exists

and call it the limit of the chain
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Limit illustrated

d0

<latexit sha1_base64="0Oi6EU75RhQPAbowRw4siSkZ5aA=">AAACCXicbVC7TsNAEDyHVwivACXNiQiJKrIRCMoIGsogyENKrGh92YRTzg/drRGRlS9AtPAddIiWr+Az+AMc44IkTDWa2d1ZjRcpaci2v6zC0vLK6lpxvbSxubW9U97da5ow1gIbIlShbntgUMkAGyRJYTvSCL6nsOWNrqZ+6wG1kWFwR+MIXR+GgRxIAZRKt/2e3StX7KqdgS8SJycVlqPeK393+6GIfQxIKDCm49gRuQlokkLhpNSNDUYgRjDETkoD8NG4SfbqhB/FBijkEWouFc9E/LuRgG/M2PfSSR/o3sx7U/E/rxPT4MJNZBDFhIGYBpFUmAUZoWXaAfK+1EgE08+Ry4AL0ECEWnIQIhXjtJSZo6CUmzyOJ2lHznwji6R5UnVOq2c3p5XaZd5WkR2wQ3bMHHbOauya1VmDCTZkz+yFvVpP1pv1bn38jhasfGefzcD6/AE5u5rf</latexit>

d1

<latexit sha1_base64="zR3laxG5NG02zbfVSkbL2QUvITk=">AAACCXicbVC7TsNAEDyHVwivACXNiQiJKrIRCMoIGsogyENKrGh92YRTzg/drRGRlS9AtPAddIiWr+Az+AMc44IkTDWa2d1ZjRcpaci2v6zC0vLK6lpxvbSxubW9U97da5ow1gIbIlShbntgUMkAGyRJYTvSCL6nsOWNrqZ+6wG1kWFwR+MIXR+GgRxIAZRKt/2e0ytX7KqdgS8SJycVlqPeK393+6GIfQxIKDCm49gRuQlokkLhpNSNDUYgRjDETkoD8NG4SfbqhB/FBijkEWouFc9E/LuRgG/M2PfSSR/o3sx7U/E/rxPT4MJNZBDFhIGYBpFUmAUZoWXaAfK+1EgE08+Ry4AL0ECEWnIQIhXjtJSZo6CUmzyOJ2lHznwji6R5UnVOq2c3p5XaZd5WkR2wQ3bMHHbOauya1VmDCTZkz+yFvVpP1pv1bn38jhasfGefzcD6/AE7Xprg</latexit>

d2

<latexit sha1_base64="evATSHwP/dQ9yUTCx+M4VXyn3io=">AAACCXicbVDLTgJBEJzFF+IL9ehlIjHxRHYJRo9ELx4xyiOBDekdGpww+8hMr5Fs+ALjVb/Dm/HqV/gZ/oG7yEHAOlWqurs65UVKGrLtLyu3srq2vpHfLGxt7+zuFfcPmiaMtcCGCFWo2x4YVDLABklS2I40gu8pbHmjq8xvPaA2MgzuaByh68MwkAMpgFLptt+r9Iolu2xPwZeJMyMlNkO9V/zu9kMR+xiQUGBMx7EjchPQJIXCSaEbG4xAjGCInZQG4KNxk+mrE34SG6CQR6i5VHwq4t+NBHxjxr6XTvpA92bRy8T/vE5Mgws3kUEUEwYiCyKpcBpkhJZpB8j7UiMRZJ8jlwEXoIEIteQgRCrGaSlzR0EpN3kcT9KOnMVGlkmzUnaq5bObaql2OWsrz47YMTtlDjtnNXbN6qzBBBuyZ/bCXq0n6816tz5+R3PWbOeQzcH6/AE9AZrh</latexit>

...

<latexit sha1_base64="zmTqNKmK38Q94h+HwpWuuP7+B3Y=">AAACDHicbVDLTgJBEJzFF+IL9ehlIjHxRHYNRo9ELx4xkUcCG9I7NDgy+8hML5Fs+AXjVb/Dm/HqP/gZ/oHLykHAOlWqurs65UVKGrLtLyu3srq2vpHfLGxt7+zuFfcPGiaMtcC6CFWoWx4YVDLAOklS2Io0gu8pbHrD66nfHKE2MgzuaByh68MgkH0pgFKp0Rn1QjLdYsku2xn4MnFmpMRmqHWL351eKGIfAxIKjGk7dkRuApqkUDgpdGKDEYghDLCd0gB8NG6SfTvhJ7EBCnmEmkvFMxH/biTgGzP2vXTSB7o3i95U/M9rx9S/dBMZRDFhIKZBJBVmQUZomdaAvCc1EsH0c+Qy4AI0EKGWHIRIxTjtZe4oKOUmj+NJ2pGz2MgyaZyVnUr5/LZSql7N2sqzI3bMTpnDLliV3bAaqzPBHtgze2Gv1pP1Zr1bH7+jOWu2c8jmYH3+AEtpnJY=</latexit>

G

i2N
di

<latexit sha1_base64="H5Ij+glvVUstqgJWLxLoJF8ud7o=">AAACJnicbVBNS9xQFH3RqlM/x3YplEcHwdWQiKJL0U1XZQRHhUkIN2+u48WXl/jejTiE7PwxpVv7O9xJcedf8B80mc6ias/qcM79PEmuybHvP3kzsx/m5hdaHxeXlldW19rrn05dVliFfZXpzJ4n4FCTwT4TazzPLUKaaDxLro4a/+wGraPMnPA4xyiFkaELUsC1FLe/hAmN3LUq8rikkEyYAl8mSfm9quQwprjd8bv+BPI9CaakI6boxe2XcJipIkXDSoNzg8DPOSrBMimN1WJYOMxBXcEIBzU1kKKLyskfldwsHHAmc7SStJyI+G9HCalz4zSpK5sz3VuvEf/nDQq+2I9KMnnBaFSziEnjZJFTluqAUA7JIjM0l6MkIxVYYEZLEpSqxaJO7NVQ0Doqb8dVnVHwNpH35HS7G+x0d493OgeH07RaYkN8FVsiEHviQHwTPdEXStyJn+Je/PJ+eA/eo/f7b+mMN+35LF7Be/4DeCmnNA==</latexit>

P

<latexit sha1_base64="hQ6+0C8izw8L2VbDQUY6niDbynQ=">AAAB83icbVC7TgMxEPSFVwivACWNRYREFd2hICgjaCgTiTyk5IR8ziZY8flO9hopivIFtFDRIVo+iIJ/wXdcAYGpRjOz2t2JUikM+v6HV1pZXVvfKG9WtrZ3dveq+wddk1jNocMTmeh+xAxIoaCDAiX0Uw0sjiT0oul15vceQBuRqFucpRDGbKLEWHCGTmq37qo1v+7noH9JUJAaKeDyn8NRwm0MCrlkxgwCP8VwzjQKLmFRGVoDKeNTNoGBo4rFYMJ5fuiCnljDMKEpaCokzUX4OTFnsTGzOHLJmOG9WfYy8T9vYHF8Gc6FSi2C4tkiFBLyRYZr4RoAOhIaEFl2OVChKGeaIYIWlHHuROsqqbg+guXv/5LuWT1o1M/bjVrzqmimTI7IMTklAbkgTXJDWqRDOAHySJ7Is2e9F+/Ve/uOlrxi5pD8gvf+BUrJkWE=</latexit>

u.b.

lub
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Complete partial order
PO(P,v)

<latexit sha1_base64="xQSY0knTZgM2DH8Efv8diFYbyuk=">AAACA3icbVC7TgJBFJ3FF+KDVUubicQEE0N2DUZLoo0lJvJIgJDZ4YITZmeXmTsmhFD6FbZa2RlbP8TCf3FZKRQ81ck59+aee4JYCoOe9+lkVlbX1jeym7mt7Z3dvLu3XzeR1RxqPJKRbgbMgBQKaihQQjPWwMJAQiMYXs/8xgNoIyJ1h+MYOiEbKNEXnGEidd18sXraNiNjAwMIo5OuW/BKXgq6TPw5KZA5ql33q92LuA1BIZfMmJbvxdiZMI2CS5jm2tZAzPiQDaCVUMVCMJ1JGnxKj61hGNEYNBWSpiL83piw0JhxGCSTIcN7s+jNxP+8lsX+ZWciVGwRFJ8dQiEhPWS4FkkjQHtCAyKbJQcqFOVMM0TQgjLOE9EmFeWSPvzF75dJ/azkl0vnt+VC5WreTJYckiNSJD65IBVyQ6qkRjix5Ik8kxfn0Xl13pz3n9GMM985IH/gfHwD+VSXRw==</latexit>

is complete if each chain has a limit (lub)<latexit sha1_base64="IJ6CjmiYYRJyNgts6natGwmGVLM=">AAAB83icbVC7TgMxEPSFVwivACWNRYREFd0hBJQRNJSJRB5SckI+ZxOs+Hwne40UnfIFtFDRIVo+iIJ/wXekgISpRjOz2t2JUikM+v6nV1pZXVvfKG9WtrZ3dveq+wcdk1jNoc0TmehexAxIoaCNAiX0Ug0sjiR0o8lN7ncfQRuRqDucphDGbKzESHCGTmo176s1v+4XoMskmJMamcPlvwbDhNsYFHLJjOkHfophxjQKLmFWGVgDKeMTNoa+o4rFYMKsOHRGT6xhmNAUNBWSFiL8nshYbMw0jlwyZvhgFr1c/M/rWxxdhZlQqUVQPF+EQkKxyHAtXANAh0IDIssvByoU5UwzRNCCMs6daF0lFddHsPj9Mumc1YOLut86rzWu582UyRE5JqckIJekQW5Jk7QJJ0CeyDN58az36r157z/RkjefOSR/4H18A0nXkV4=</latexit>

P
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Monotone function
PO(D,vD)

<latexit sha1_base64="Live4Qx2Oe5eCgXv2++U5D8PP9E=">AAACBXicbVC7TgJBFJ3FF+Jr0dJmIjHBxJBdg9GSKIUlJvJIgGxmhwtOmJ1dZu5qyIbar7DVys7Y+h0W/osLUih6qpNz7s099/iRFAYd58PKLC2vrK5l13Mbm1vbO3Z+t2HCWHOo81CGuuUzA1IoqKNACa1IAwt8CU1/eDn1m3egjQjVDY4j6AZsoERfcIap5Nn5YvW4Y0Ym9g0gjLzqkWcXnJIzA/1L3DkpkDlqnv3Z6YU8DkAhl8yYtutE2E2YRsElTHKd2EDE+JANoJ1SxQIw3WQWfUIPY8MwpBFoKiSdifBzI2GBMePATycDhrdm0ZuK/3ntGPvn3USoKEZQfHoIhYTZIcO1SDsB2hMaENk0OVChKGeaIYIWlHGeinFaUi7tw138/i9pnJTccun0ulyoXMybyZJ9ckCKxCVnpEKuSI3UCSf35JE8kWfrwXqxXq2379GMNd/ZI79gvX8BOg+X8g==</latexit>

(E,vE)

<latexit sha1_base64="Lk6hMY8ufjdwUK1TeoiuIJLy+28=">AAACBXicbVDLSgNBEJyNrxhfGz16GQxCBAm7EtFjUAIeI5gHJGGZnXTikNnZzUyvEpac/QqvevImXv0OD/6Lm5iDRutUVHXT1eVHUhh0nA8rs7S8srqWXc9tbG5t79j53YYJY82hzkMZ6pbPDEihoI4CJbQiDSzwJTT94eXUb96BNiJUNziOoBuwgRJ9wRmmkmfni9XjjhmZ2DeAMPKqR55dcErODPQvceekQOaoefZnpxfyOACFXDJj2q4TYTdhGgWXMMl1YgMR40M2gHZKFQvAdJNZ9Ak9jA3DkEagqZB0JsLPjYQFxowDP50MGN6aRW8q/ue1Y+yfdxOhohhB8ekhFBJmhwzXIu0EaE9oQGTT5ECFopxphghaUMZ5KsZpSbm0D3fx+7+kcVJyy6XT63KhcjFvJkv2yQEpEpeckQq5IjVSJ5zck0fyRJ6tB+vFerXevkcz1nxnj/yC9f4FPT2X9A==</latexit>

f : D ! E

<latexit sha1_base64="gzXU4vrZR74u1nGcRxyrlaFLtFI=">AAACBHicbVDLTgJBEJzFF+Jr1aOXicTEE9k1GI0n4iPxiIk8EiCkd2hgwuwjM70YQrj6FV715M149T88+C8uKwcF61Sp6k5XlxcpachxPq3M0vLK6lp2PbexubW9Y+/uVU0Ya4EVEapQ1z0wqGSAFZKksB5pBN9TWPMGV1O/NkRtZBjc0yjClg+9QHalAEqktm13L66bWvb6BFqHD/ymbeedgpOCLxJ3RvJshnLb/mp2QhH7GJBQYEzDdSJqjUGTFAonuWZsMAIxgB42EhqAj6Y1TpNP+FFsgEIeoeZS8VTE3xtj8I0Z+V4y6QP1zbw3Ff/zGjF1z1tjGUQxYSCmh0gqTA8ZoWVSCfKO1EgE0+TIZcAFaCBCLTkIkYhx0lEu6cOd/36RVE8KbrFwelfMly5nzWTZATtkx8xlZ6zEblmZVZhgQ/bEntmL9Wi9Wm/W+89oxprt7LM/sD6+Ad1El8Y=</latexit>

PO

f

<latexit sha1_base64="H7mM6ob8NDgJ0va0bQzoeEJeSbg=">AAAB83icbVC7TsNAEDyHVwivACXNiQiJKrJREJQRNJSJRB5SYkXnyyaccj5bd3tIkZUvoIWKDtHyQRT8C7ZxAQlTjWZ2tbMTxFIYdN1Pp7S2vrG5Vd6u7Ozu7R9UD4+6JrKaQ4dHMtL9gBmQQkEHBUroxxpYGEjoBbPbzO89gjYiUvc4j8EP2VSJieAMU6k9GVVrbt3NQVeJV5AaKdAaVb+G44jbEBRyyYwZeG6MfsI0Ci5hURlaAzHjMzaFQUoVC8H4SR50Qc+sYRjRGDQVkuYi/N5IWGjMPAzSyZDhg1n2MvE/b2Bxcu0nQsUWQfHsEAoJ+SHDtUgbADoWGhBZlhyoUJQzzRBBC8o4T0WbVlJJ+/CWv18l3Yu616hfthu15k3RTJmckFNyTjxyRZrkjrRIh3AC5Ik8kxfHOq/Om/P+M1pyip1j8gfOxzdtE5F3</latexit>

is monotone if 8d1, d2 2 D. d1 vD d2 ) f(d1) vE f(d2)

<latexit sha1_base64="2GmF1QKKN3NfY0Bjv9R805awums="></latexit>

Monotone = Order preserving

{di}i2N

<latexit sha1_base64="0zgwWhqo7BV5kSGmcIub7zsVnd0=">AAACDHicbVBNS8NAEN34WetX1YvgZbEInkoiFT0WvXiSClaFpoTNdqqDm03YnQglxJ/gr/CqJ2/i1f/gwf9iUnvQ6js93pth3rwwUWjJdT+cqemZ2bn5ykJ1cWl5ZbW2tn5h49RI6MhYxeYqFBYUaugQkoKrxICIQgWX4e1x6V/egbEY63MaJtCLxLXGAUpBhRTUNv2sH6CfBxn6qP1I0E0YZqd5HtTqbsMdgf8l3pjU2RjtoPbp92OZRqBJKmFt13MT6mXCEEoFedVPLSRC3opr6BZUiwhsLxt9kPOd1AqKeQKGo+IjEX5uZCKydhiFxWQZ0U56pfif101pcNjLUCcpgZblIUIFo0NWGiyqAd5HA0SiTA4cNZfCCCIwyIWUhZgWXVWLPrzJ7/+Si72G12zsnzXrraNxMxW2xbbZLvPYAWuxE9ZmHSbZPXtkT+zZeXBenFfn7Xt0yhnvbLBfcN6/AG+jnAc=</latexit>

a chain in D

<latexit sha1_base64="F8X02o7CeMcGWoYuaoxM4Nfz7Gs=">AAAB83icbVC7TsNAEDyHVwivACXNiQiJKrJREJQRUFAmEiGREis6XzbhlPPZuttDiqx8AS1UdIiWD6LgX7CNC0iYajSzq52dIJbCoOt+OqWV1bX1jfJmZWt7Z3evun9wbyKrOXR4JCPdC5gBKRR0UKCEXqyBhYGEbjC9zvzuI2gjInWHsxj8kE2UGAvOMJXaN8Nqza27Oegy8QpSIwVaw+rXYBRxG4JCLpkxfc+N0U+YRsElzCsDayBmfMom0E+pYiEYP8mDzumJNQwjGoOmQtJchN8bCQuNmYVBOhkyfDCLXib+5/Utji/9RKjYIiieHUIhIT9kuBZpA0BHQgMiy5IDFYpyphkiaEEZ56lo00oqaR/e4vfL5P6s7jXq5+1GrXlVNFMmR+SYnBKPXJAmuSUt0iGcAHkiz+TFsc6r8+a8/4yWnGLnkPyB8/ENOBWRVQ==</latexit>

f

<latexit sha1_base64="H7mM6ob8NDgJ0va0bQzoeEJeSbg=">AAAB83icbVC7TsNAEDyHVwivACXNiQiJKrJREJQRNJSJRB5SYkXnyyaccj5bd3tIkZUvoIWKDtHyQRT8C7ZxAQlTjWZ2tbMTxFIYdN1Pp7S2vrG5Vd6u7Ozu7R9UD4+6JrKaQ4dHMtL9gBmQQkEHBUroxxpYGEjoBbPbzO89gjYiUvc4j8EP2VSJieAMU6k9GVVrbt3NQVeJV5AaKdAaVb+G44jbEBRyyYwZeG6MfsI0Ci5hURlaAzHjMzaFQUoVC8H4SR50Qc+sYRjRGDQVkuYi/N5IWGjMPAzSyZDhg1n2MvE/b2Bxcu0nQsUWQfHsEAoJ+SHDtUgbADoWGhBZlhyoUJQzzRBBC8o4T0WbVlJJ+/CWv18l3Yu616hfthu15k3RTJmckFNyTjxyRZrkjrRIh3AC5Ik8kxfHOq/Om/P+M1pyip1j8gfOxzdtE5F3</latexit>

monotone
)

<latexit sha1_base64="U/cGJXm9nVrm+DGa9oUkW+rj1TU=">AAAB/XicbVA9TwJBEN3DL8Qv1NJmIzGxIndGoyXRxhKNfCQHIXPLABv29i67cxpyIf4KW63sjK2/xcL/4oEUCr7q5b2ZzJsXxEpact1PJ7e0vLK6ll8vbGxube8Ud/fqNkqMwJqIVGSaAVhUUmONJClsxgYhDBQ2guHVxG/co7Ey0nc0irEdQl/LnhRAmeS3bmV/QGBM9NApltyyOwVfJN6MlNgM1U7xq9WNRBKiJqHAWt9zY2qnYEgKheNCK7EYgxhCH/2MagjRttNp5DE/SixQxGM0XCo+FfH3RgqhtaMwyCZDoIGd9ybif56fUO+inUodJ4RaTA6RVDg9ZIWRWRfIu9IgEUySI5eaCzBAhEZyECITk6ycQtaHN//9IqmflL3T8tnNaalyOWsmzw7YITtmHjtnFXbNqqzGBIvYE3tmL86j8+q8Oe8/ozlntrPP/sD5+AZhAJX6</latexit>

{f(di)}i2N

<latexit sha1_base64="eOVMHOjtD2b7j+yFmx10ULGngvQ=">AAACD3icbVC7TsNAEDzzJrwClDQnIqTQRDYCQYmgoUIgkYcUR9b5sgkrzmfrbo2ELBd8Al9BCxUdouUTKPgX7JACAlONZna1sxMmCi257oczNT0zOze/sFhZWl5ZXauub7RsnBoJTRmr2HRCYUGhhiYhKegkBkQUKmiHN6el374FYzHWV3SXQC8SQ40DlIIKKahu+dmg3g9w18+DDH3UfiToOgyz8zwPqjW34Y7A/xJvTGpsjIug+un3Y5lGoEkqYW3XcxPqZcIQSgV5xU8tJELeiCF0C6pFBLaXjZ7I+U5qBcU8AcNR8ZEIPzcyEVl7F4XFZBnRTnql+J/XTWlw1MtQJymBluUhQgWjQ1YaLNoB3kcDRKJMDhw1l8IIIjDIhZSFmBZ1VYo+vMnv/5LWXsPbbxxc7teOT8bNLLAtts3qzGOH7JidsQvWZJLds0f2xJ6dB+fFeXXevkennPHOJvsF5/0LEJic3A==</latexit>

a chain in E

<latexit sha1_base64="sGTNHjdqy941zXKeJlW7mMBQBlc=">AAAB83icbVBNS8NAFNzUr1q/qh69LBbBU0mkoseiCB5bsLbQhrLZvtalm03YfSuU0F/gVU/exKs/yIP/xSTmoK1zGmbe482bIJbCoOt+OqWV1bX1jfJmZWt7Z3evun9wbyKrOXR4JCPdC5gBKRR0UKCEXqyBhYGEbjC9zvzuI2gjInWHsxj8kE2UGAvOMJXaN8Nqza27Oegy8QpSIwVaw+rXYBRxG4JCLpkxfc+N0U+YRsElzCsDayBmfMom0E+pYiEYP8mDzumJNQwjGoOmQtJchN8bCQuNmYVBOhkyfDCLXib+5/Utji/9RKjYIiieHUIhIT9kuBZpA0BHQgMiy5IDFYpyphkiaEEZ56lo00oqaR/e4vfL5P6s7jXq5+1GrXlVNFMmR+SYnBKPXJAmuSUt0iGcAHkiz+TFsc6r8+a8/4yWnGLnkPyB8/ENOaSRVg==</latexit>

When D = E

<latexit sha1_base64="++hvCoZFxwKvDxuNcLGdFz5vBuM=">AAAB9XicbVDLSsNAFJ3UV62vqks3g0VwVRKp6EYoPsBlRfuANpTJ9LYOnUzCzI1SQj/Bra7ciVu/x4X/YhKz0NazOpxzL/fc44VSGLTtT6uwsLi0vFJcLa2tb2xulbd3WiaINIcmD2SgOx4zIIWCJgqU0Ak1MN+T0PbGF6nffgBtRKDucBKC67OREkPBGSbS7eXZVb9csat2BjpPnJxUSI5Gv/zVGwQ88kEhl8yYrmOH6MZMo+ASpqVeZCBkfMxG0E2oYj4YN86iTulBZBgGNARNhaSZCL83YuYbM/G9ZNJneG9mvVT8z+tGODx1Y6HCCEHx9BAKCdkhw7VIOgA6EBoQWZocqFCUM80QQQvKOE/EKCmllPThzH4/T1pHVadWPb6pVerneTNFskf2ySFxyAmpk2vSIE3CyYg8kWfyYj1ar9ab9f4zWrDynV3yB9bHN01nkes=</latexit>

f : D ! D

<latexit sha1_base64="x/HrNPt0DSOs91vysQmOycMC+Yc=">AAACBHicbVC7TgJBFJ3FF+Jr1dJmIjGxIrsGo7EiSmGJiTwSIOTucIEJs4/M3MUQQutX2GplZ2z9Dwv/xV2kUPBUJ+fcm3vu8SIlDTnOp5VZWV1b38hu5ra2d3b37P2DmgljLbAqQhXqhgcGlQywSpIUNiKN4HsK697wJvXrI9RGhsE9jSNs+9APZE8KoETq2HbvqtzSsj8g0Dp84OWOnXcKzgx8mbhzkmdzVDr2V6sbitjHgIQCY5quE1F7ApqkUDjNtWKDEYgh9LGZ0AB8NO3JLPmUn8QGKOQRai4Vn4n4e2MCvjFj30smfaCBWfRS8T+vGVPvsj2RQRQTBiI9RFLh7JARWiaVIO9KjUSQJkcuAy5AAxFqyUGIRIyTjnJJH+7i98ukdlZwi4Xzu2K+dD1vJsuO2DE7ZS67YCV2yyqsygQbsSf2zF6sR+vVerPef0Yz1nznkP2B9fEN27WXxQ==</latexit>

D

<latexit sha1_base64="F8X02o7CeMcGWoYuaoxM4Nfz7Gs=">AAAB83icbVC7TsNAEDyHVwivACXNiQiJKrJREJQRUFAmEiGREis6XzbhlPPZuttDiqx8AS1UdIiWD6LgX7CNC0iYajSzq52dIJbCoOt+OqWV1bX1jfJmZWt7Z3evun9wbyKrOXR4JCPdC5gBKRR0UKCEXqyBhYGEbjC9zvzuI2gjInWHsxj8kE2UGAvOMJXaN8Nqza27Oegy8QpSIwVaw+rXYBRxG4JCLpkxfc+N0U+YRsElzCsDayBmfMom0E+pYiEYP8mDzumJNQwjGoOmQtJchN8bCQuNmYVBOhkyfDCLXib+5/Utji/9RKjYIiieHUIhIT9kuBZpA0BHQgMiy5IDFYpyphkiaEEZ56lo00oqaR/e4vfL5P6s7jXq5+1GrXlVNFMmR+SYnBKPXJAmuSUt0iGcAHkiz+TFsc6r8+a8/4yWnGLnkPyB8/ENOBWRVQ==</latexit>

we say is a function on
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Monotonicity illustrated

d0

<latexit sha1_base64="0Oi6EU75RhQPAbowRw4siSkZ5aA=">AAACCXicbVC7TsNAEDyHVwivACXNiQiJKrIRCMoIGsogyENKrGh92YRTzg/drRGRlS9AtPAddIiWr+Az+AMc44IkTDWa2d1ZjRcpaci2v6zC0vLK6lpxvbSxubW9U97da5ow1gIbIlShbntgUMkAGyRJYTvSCL6nsOWNrqZ+6wG1kWFwR+MIXR+GgRxIAZRKt/2e3StX7KqdgS8SJycVlqPeK393+6GIfQxIKDCm49gRuQlokkLhpNSNDUYgRjDETkoD8NG4SfbqhB/FBijkEWouFc9E/LuRgG/M2PfSSR/o3sx7U/E/rxPT4MJNZBDFhIGYBpFUmAUZoWXaAfK+1EgE08+Ry4AL0ECEWnIQIhXjtJSZo6CUmzyOJ2lHznwji6R5UnVOq2c3p5XaZd5WkR2wQ3bMHHbOauya1VmDCTZkz+yFvVpP1pv1bn38jhasfGefzcD6/AE5u5rf</latexit>

d1

<latexit sha1_base64="zR3laxG5NG02zbfVSkbL2QUvITk=">AAACCXicbVC7TsNAEDyHVwivACXNiQiJKrIRCMoIGsogyENKrGh92YRTzg/drRGRlS9AtPAddIiWr+Az+AMc44IkTDWa2d1ZjRcpaci2v6zC0vLK6lpxvbSxubW9U97da5ow1gIbIlShbntgUMkAGyRJYTvSCL6nsOWNrqZ+6wG1kWFwR+MIXR+GgRxIAZRKt/2e0ytX7KqdgS8SJycVlqPeK393+6GIfQxIKDCm49gRuQlokkLhpNSNDUYgRjDETkoD8NG4SfbqhB/FBijkEWouFc9E/LuRgG/M2PfSSR/o3sx7U/E/rxPT4MJNZBDFhIGYBpFUmAUZoWXaAfK+1EgE08+Ry4AL0ECEWnIQIhXjtJSZo6CUmzyOJ2lHznwji6R5UnVOq2c3p5XaZd5WkR2wQ3bMHHbOauya1VmDCTZkz+yFvVpP1pv1bn38jhasfGefzcD6/AE7Xprg</latexit>

d2

<latexit sha1_base64="evATSHwP/dQ9yUTCx+M4VXyn3io=">AAACCXicbVDLTgJBEJzFF+IL9ehlIjHxRHYJRo9ELx4xyiOBDekdGpww+8hMr5Fs+ALjVb/Dm/HqV/gZ/oG7yEHAOlWqurs65UVKGrLtLyu3srq2vpHfLGxt7+zuFfcPmiaMtcCGCFWo2x4YVDLABklS2I40gu8pbHmjq8xvPaA2MgzuaByh68MwkAMpgFLptt+r9Iolu2xPwZeJMyMlNkO9V/zu9kMR+xiQUGBMx7EjchPQJIXCSaEbG4xAjGCInZQG4KNxk+mrE34SG6CQR6i5VHwq4t+NBHxjxr6XTvpA92bRy8T/vE5Mgws3kUEUEwYiCyKpcBpkhJZpB8j7UiMRZJ8jlwEXoIEIteQgRCrGaSlzR0EpN3kcT9KOnMVGlkmzUnaq5bObaql2OWsrz47YMTtlDjtnNXbN6qzBBBuyZ/bCXq0n6816tz5+R3PWbOeQzcH6/AE9AZrh</latexit>

...

<latexit sha1_base64="zmTqNKmK38Q94h+HwpWuuP7+B3Y=">AAACDHicbVDLTgJBEJzFF+IL9ehlIjHxRHYNRo9ELx4xkUcCG9I7NDgy+8hML5Fs+AXjVb/Dm/HqP/gZ/oHLykHAOlWqurs65UVKGrLtLyu3srq2vpHfLGxt7+zuFfcPGiaMtcC6CFWoWx4YVDLAOklS2Io0gu8pbHrD66nfHKE2MgzuaByh68MgkH0pgFKp0Rn1QjLdYsku2xn4MnFmpMRmqHWL351eKGIfAxIKjGk7dkRuApqkUDgpdGKDEYghDLCd0gB8NG6SfTvhJ7EBCnmEmkvFMxH/biTgGzP2vXTSB7o3i95U/M9rx9S/dBMZRDFhIKZBJBVmQUZomdaAvCc1EsH0c+Qy4AI0EKGWHIRIxTjtZe4oKOUmj+NJ2pGz2MgyaZyVnUr5/LZSql7N2sqzI3bMTpnDLliV3bAaqzPBHtgze2Gv1pP1Zr1bH7+jOWu2c8jmYH3+AEtpnJY=</latexit>

f(d2)

<latexit sha1_base64="Vbc2ehxpCoQJRWCKO3q9oBQWCaM=">AAACDHicbVDLTgJBEJzFF+IL9ehlIjHBC9klGD0SvXjERB4JbEjv0ODI7CMzvUay4ReMV/0Ob8ar/+Bn+AcuyEHAOlWqurs65UVKGrLtLyuzsrq2vpHdzG1t7+zu5fcPGiaMtcC6CFWoWx4YVDLAOklS2Io0gu8pbHrDq4nffEBtZBjc0ihC14dBIPtSAKVSo1/sdcun3XzBLtlT8GXizEiBzVDr5r87vVDEPgYkFBjTduyI3AQ0SaFwnOvEBiMQQxhgO6UB+GjcZPrtmJ/EBijkEWouFZ+K+HcjAd+Yke+lkz7QnVn0JuJ/Xjum/oWbyCCKCQMxCSKpcBpkhJZpDch7UiMRTD5HLgMuQAMRaslBiFSM017mjoJSbvI4GqcdOYuNLJNGueRUSmc3lUL1ctZWlh2xY1ZkDjtnVXbNaqzOBLtnz+yFvVpP1pv1bn38jmas2c4hm4P1+QPbQ5u2</latexit>

f(d1)

<latexit sha1_base64="1Q/HvVqzZZIwssvS1KdDyX19bSU=">AAACDHicbVDLTgJBEJz1ifhCPXqZSEzwQnYNRo9ELx4xkUcCG9I7NDgy+8hMr5Fs+AXjVb/Dm/HqP/gZ/oHLykHAOlWqurs65UVKGrLtL2tpeWV1bT23kd/c2t7ZLeztN0wYa4F1EapQtzwwqGSAdZKksBVpBN9T2PSGVxO/+YDayDC4pVGErg+DQPalAEqlRr/U6zon3ULRLtsZ+CJxpqTIpqh1C9+dXihiHwMSCoxpO3ZEbgKapFA4zndigxGIIQywndIAfDRukn075sexAQp5hJpLxTMR/24k4Bsz8r100ge6M/PeRPzPa8fUv3ATGUQxYSAmQSQVZkFGaJnWgLwnNRLB5HPkMuACNBChlhyESMU47WXmKCjlJo+jcdqRM9/IImmclp1K+eymUqxeTtvKsUN2xErMYeesyq5ZjdWZYPfsmb2wV+vJerPerY/f0SVrunPAZmB9/gDZn5u1</latexit>

f(d0)

<latexit sha1_base64="bD6PLdK9bAENipdpyQepix7qrTs=">AAACDHicbVDLTgJBEJz1ifhCPXqZSEzwQnYNRo9ELx4xkUcCG9I7NDgy+8hMr5Fs+AXjVb/Dm/HqP/gZ/oHLykHAOlWqurs65UVKGrLtL2tpeWV1bT23kd/c2t7ZLeztN0wYa4F1EapQtzwwqGSAdZKksBVpBN9T2PSGVxO/+YDayDC4pVGErg+DQPalAEqlRr/U69on3ULRLtsZ+CJxpqTIpqh1C9+dXihiHwMSCoxpO3ZEbgKapFA4zndigxGIIQywndIAfDRukn075sexAQp5hJpLxTMR/24k4Bsz8r100ge6M/PeRPzPa8fUv3ATGUQxYSAmQSQVZkFGaJnWgLwnNRLB5HPkMuACNBChlhyESMU47WXmKCjlJo+jcdqRM9/IImmclp1K+eymUqxeTtvKsUN2xErMYeesyq5ZjdWZYPfsmb2wV+vJerPerY/f0SVrunPAZmB9/gDX+5u0</latexit>

...

<latexit sha1_base64="zmTqNKmK38Q94h+HwpWuuP7+B3Y=">AAACDHicbVDLTgJBEJzFF+IL9ehlIjHxRHYNRo9ELx4xkUcCG9I7NDgy+8hML5Fs+AXjVb/Dm/HqP/gZ/oHLykHAOlWqurs65UVKGrLtLyu3srq2vpHfLGxt7+zuFfcPGiaMtcC6CFWoWx4YVDLAOklS2Io0gu8pbHrD66nfHKE2MgzuaByh68MgkH0pgFKp0Rn1QjLdYsku2xn4MnFmpMRmqHWL351eKGIfAxIKjGk7dkRuApqkUDgpdGKDEYghDLCd0gB8NG6SfTvhJ7EBCnmEmkvFMxH/biTgGzP2vXTSB7o3i95U/M9rx9S/dBMZRDFhIKZBJBVmQUZomdaAvCc1EsH0c+Qy4AI0EKGWHIRIxTjtZe4oKOUmj+NJ2pGz2MgyaZyVnUr5/LZSql7N2sqzI3bMTpnDLliV3bAaqzPBHtgze2Gv1pP1Zr1bH7+jOWu2c8jmYH3+AEtpnJY=</latexit>

a chain
(by monotonicity)a chain

<latexit sha1_base64="HZzFqzMjttBkpNxXi/qNSLrljbk=">AAAB83icbVC7TsNAEDyHVwivACXNiQiJKrIRAsoIKCgTiTykxIrOl0045Xy27vaQIitfQAsVHaLlgyj4F2zjAhKmGs3samcniKUw6LqfTmlldW19o7xZ2dre2d2r7h90TGQ1hzaPZKR7ATMghYI2CpTQizWwMJDQDaY3md99BG1EpO5xFoMfsokSY8EZplLrdlituXU3B10mXkFqpEBzWP0ajCJuQ1DIJTOm77kx+gnTKLiEeWVgDcSMT9kE+ilVLATjJ3nQOT2xhmFEY9BUSJqL8HsjYaExszBIJ0OGD2bRy8T/vL7F8ZWfCBVbBMWzQygk5IcM1yJtAOhIaEBkWXKgQlHONEMELSjjPBVtWkkl7cNb/H6ZdM7q3kXdbZ3XGtdFM2VyRI7JKfHIJWmQO9IkbcIJkCfyTF4c67w6b877z2jJKXYOyR84H983I5FS</latexit>

D
<latexit sha1_base64="h3QOX4QBBXWOAeWNBBqy7LNSSNs=">AAAB83icbVDLSsNAFJ3UV62vqks3g0VwVRIRdVkUwWUL9gFtKJPpbR06mYSZO0IJ/QK3unInbv0gF/6LScxCW8/qcM693HNPEEth0HU/ndLK6tr6RnmzsrW9s7tX3T/omMhqDm0eyUj3AmZACgVtFCihF2tgYSChG0xvMr/7CNqISN3jLAY/ZBMlxoIzTKXW7bBac+tuDrpMvILUSIHmsPo1GEXchqCQS2ZM33Nj9BOmUXAJ88rAGogZn7IJ9FOqWAjGT/Kgc3piDcOIxqCpkDQX4fdGwkJjZmGQToYMH8yil4n/eX2L4ys/ESq2CIpnh1BIyA8ZrkXaANCR0IDIsuRAhaKcaYYIWlDGeSratJJK2oe3+P0y6ZzVvYu62zqvNa6LZsrkiByTU+KRS9Igd6RJ2oQTIE/kmbw41nl13pz3n9GSU+wckj9wPr4BOLKRUw==</latexit>

E
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Example

0

1

2

3

…

(N [ {1},)

<latexit sha1_base64="ILroAKqow+rb8b1NWl/RZwIHNFM=">AAACFHicbVC7SgNBFJ2NrxhfUUubwSBEkLArES2DNlYSwTwgG8Ls5CYOmZ1dZ+4KYdnWT/ArbLWyE1t7C//F3ZhCE091OOde7rnHC6UwaNufVm5hcWl5Jb9aWFvf2Nwqbu80TRBpDg0eyEC3PWZACgUNFCihHWpgvieh5Y0uMr91D9qIQN3gOISuz4ZKDARnmEq9Ii27PsNbz4uvEpdHoRu7Qg1w7CZH1JVwd9grluyKPQGdJ86UlMgU9V7xy+0HPPJBIZfMmI5jh9iNmUbBJSQFNzIQMj5iQ+ikVDEfTDeefJLQg8gwDGgImgpJJyL83oiZb8zY99LJLLaZ9TLxP68T4eCsGwsVRgiKZ4dQSJgcMlyLtCKgfaEBkWXJgQpFOdMMEbSgjPNUjNLOCmkfzuz386R5XHGqlZPraql2Pm0mT/bIPikTh5ySGrkkddIgnDyQJ/JMXqxH69V6s95/RnPWdGeX/IH18Q10t56d</latexit>

1

<latexit sha1_base64="Gl7IJD/p+X+gIue2rC6TQdTUxgo=">AAAB+HicbVC7TsNAEFyHVwivACXNiQiJKrIRCMoIGsogkYeUWNH5sglHzmfrbo0UovwDLVR0iJa/oeBfcIwLSJhqNLOrnZ0gVtKS6346haXlldW14nppY3Nre6e8u9e0UWIENkSkItMOuEUlNTZIksJ2bJCHgcJWMLqa+a0HNFZG+pbGMfohH2o5kIJTKjW7Ug9o3CtX3KqbgS0SLycVyFHvlb+6/UgkIWoSilvb8dyY/Ak3JIXCaambWIy5GPEhdlKqeYjWn2Rpp+wosZwiFqNhUrFMxN8bEx5aOw6DdDLkdGfnvZn4n9dJaHDhT6SOE0ItZodIKswOWWFkWgOyvjRIxGfJkUnNBDecCI1kXIhUTNJeSmkf3vz3i6R5UvVOq2c3p5XaZd5MEQ7gEI7Bg3OowTXUoQEC7uEJnuHFeXRenTfn/We04OQ7+/AHzsc3e+iTyQ==</latexit>

0

1

2

3

…

(N [ {1},)

<latexit sha1_base64="ILroAKqow+rb8b1NWl/RZwIHNFM=">AAACFHicbVC7SgNBFJ2NrxhfUUubwSBEkLArES2DNlYSwTwgG8Ls5CYOmZ1dZ+4KYdnWT/ArbLWyE1t7C//F3ZhCE091OOde7rnHC6UwaNufVm5hcWl5Jb9aWFvf2Nwqbu80TRBpDg0eyEC3PWZACgUNFCihHWpgvieh5Y0uMr91D9qIQN3gOISuz4ZKDARnmEq9Ii27PsNbz4uvEpdHoRu7Qg1w7CZH1JVwd9grluyKPQGdJ86UlMgU9V7xy+0HPPJBIZfMmI5jh9iNmUbBJSQFNzIQMj5iQ+ikVDEfTDeefJLQg8gwDGgImgpJJyL83oiZb8zY99LJLLaZ9TLxP68T4eCsGwsVRgiKZ4dQSJgcMlyLtCKgfaEBkWXJgQpFOdMMEbSgjPNUjNLOCmkfzuz386R5XHGqlZPraql2Pm0mT/bIPikTh5ySGrkkddIgnDyQJ/JMXqxH69V6s95/RnPWdGeX/IH18Q10t56d</latexit>

1

<latexit sha1_base64="Gl7IJD/p+X+gIue2rC6TQdTUxgo=">AAAB+HicbVC7TsNAEFyHVwivACXNiQiJKrIRCMoIGsogkYeUWNH5sglHzmfrbo0UovwDLVR0iJa/oeBfcIwLSJhqNLOrnZ0gVtKS6346haXlldW14nppY3Nre6e8u9e0UWIENkSkItMOuEUlNTZIksJ2bJCHgcJWMLqa+a0HNFZG+pbGMfohH2o5kIJTKjW7Ug9o3CtX3KqbgS0SLycVyFHvlb+6/UgkIWoSilvb8dyY/Ak3JIXCaambWIy5GPEhdlKqeYjWn2Rpp+wosZwiFqNhUrFMxN8bEx5aOw6DdDLkdGfnvZn4n9dJaHDhT6SOE0ItZodIKswOWWFkWgOyvjRIxGfJkUnNBDecCI1kXIhUTNJeSmkf3vz3i6R5UvVOq2c3p5XaZd5MEQ7gEI7Bg3OowTXUoQEC7uEJnuHFeXRenTfn/We04OQ7+/AHzsc3e+iTyQ==</latexit>

f(1) = 1

<latexit sha1_base64="bN9/LgDt6rQ7APfwfcwxjDyaRwk=">AAACBnicbVC7TsNAEDyHVwgvE0qaExFSaCIbBUGDFEFDGSTykBIrOl824ZTz2bpbI6IoPV9BCxUdouU3KPgX7MQFJEw1mtnVzo4fSWHQcb6s3Mrq2vpGfrOwtb2zu2fvF5smjDWHBg9lqNs+MyCFggYKlNCONLDAl9DyR9ep33oAbUSo7nAcgRewoRIDwRkmUs8uDspdoQY4PqGXdM56dsmpODPQZeJmpEQy1Hv2d7cf8jgAhVwyYzquE6E3YRoFlzAtdGMDEeMjNoROQhULwHiTWfYpPY4Nw5BGoKmQdCbC740JC4wZB34yGTC8N4teKv7ndWIcXHgToaIYQfH0EAoJs0OGa5GUArQvNCCyNDlQoShnmiGCFpRxnohx0lIh6cNd/H6ZNE8rbrVydlst1a6yZvLkkByRMnHJOamRG1InDcLJI3kmL+TVerLerHfrYz6as7KdA/IH1ucPrjWYLA==</latexit>

f(n) = 2 · n

<latexit sha1_base64="i9mSg/93HyiIoP7wtr7ckA7n5IA=">AAACA3icbVC7TsNAEDzzDOGRACXNiQgpNJEdBUGDFEFDGSTykBIrOl824ZTz2bpbI0VWSr6CFio6RMuHUPAv2MYFJEw1mtnVzo4XSmHQtj+tldW19Y3NwlZxe2d3r1TeP+iYINIc2jyQge55zIAUCtooUEIv1MB8T0LXm16nfvcBtBGBusNZCK7PJkqMBWeYSMNyaVxVp/SS1gd8FCBNlIpdszPQZeLkpEJytIblr8Eo4JEPCrlkxvQdO0Q3ZhoFlzAvDiIDIeNTNoF+QhXzwbhxFnxOTyLDMKAhaCokzUT4vREz35iZ7yWTPsN7s+il4n9eP8LxhRsLFUYIiqeHUEjIDhmuRdII0JHQgMjS5ECFopxphghaUMZ5IkZJRcWkD2fx+2XSqdecRu3stlFpXuXNFMgROSZV4pBz0iQ3pEXahJOIPJFn8mI9Wq/Wm/X+M7pi5TuH5A+sj29H0JY2</latexit>

monotone?
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(N [ {1},)

<latexit sha1_base64="ILroAKqow+rb8b1NWl/RZwIHNFM=">AAACFHicbVC7SgNBFJ2NrxhfUUubwSBEkLArES2DNlYSwTwgG8Ls5CYOmZ1dZ+4KYdnWT/ArbLWyE1t7C//F3ZhCE091OOde7rnHC6UwaNufVm5hcWl5Jb9aWFvf2Nwqbu80TRBpDg0eyEC3PWZACgUNFCihHWpgvieh5Y0uMr91D9qIQN3gOISuz4ZKDARnmEq9Ii27PsNbz4uvEpdHoRu7Qg1w7CZH1JVwd9grluyKPQGdJ86UlMgU9V7xy+0HPPJBIZfMmI5jh9iNmUbBJSQFNzIQMj5iQ+ikVDEfTDeefJLQg8gwDGgImgpJJyL83oiZb8zY99LJLLaZ9TLxP68T4eCsGwsVRgiKZ4dQSJgcMlyLtCKgfaEBkWXJgQpFOdMMEbSgjPNUjNLOCmkfzuz386R5XHGqlZPraql2Pm0mT/bIPikTh5ySGrkkddIgnDyQJ/JMXqxH69V6s95/RnPWdGeX/IH18Q10t56d</latexit>

1

<latexit sha1_base64="Gl7IJD/p+X+gIue2rC6TQdTUxgo=">AAAB+HicbVC7TsNAEFyHVwivACXNiQiJKrIRCMoIGsogkYeUWNH5sglHzmfrbo0UovwDLVR0iJa/oeBfcIwLSJhqNLOrnZ0gVtKS6346haXlldW14nppY3Nre6e8u9e0UWIENkSkItMOuEUlNTZIksJ2bJCHgcJWMLqa+a0HNFZG+pbGMfohH2o5kIJTKjW7Ug9o3CtX3KqbgS0SLycVyFHvlb+6/UgkIWoSilvb8dyY/Ak3JIXCaambWIy5GPEhdlKqeYjWn2Rpp+wosZwiFqNhUrFMxN8bEx5aOw6DdDLkdGfnvZn4n9dJaHDhT6SOE0ItZodIKswOWWFkWgOyvjRIxGfJkUnNBDecCI1kXIhUTNJeSmkf3vz3i6R5UvVOq2c3p5XaZd5MEQ7gEI7Bg3OowTXUoQEC7uEJnuHFeXRenTfn/We04OQ7+/AHzsc3e+iTyQ==</latexit>

0
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…

(N [ {1},)

<latexit sha1_base64="ILroAKqow+rb8b1NWl/RZwIHNFM=">AAACFHicbVC7SgNBFJ2NrxhfUUubwSBEkLArES2DNlYSwTwgG8Ls5CYOmZ1dZ+4KYdnWT/ArbLWyE1t7C//F3ZhCE091OOde7rnHC6UwaNufVm5hcWl5Jb9aWFvf2Nwqbu80TRBpDg0eyEC3PWZACgUNFCihHWpgvieh5Y0uMr91D9qIQN3gOISuz4ZKDARnmEq9Ii27PsNbz4uvEpdHoRu7Qg1w7CZH1JVwd9grluyKPQGdJ86UlMgU9V7xy+0HPPJBIZfMmI5jh9iNmUbBJSQFNzIQMj5iQ+ikVDEfTDeefJLQg8gwDGgImgpJJyL83oiZb8zY99LJLLaZ9TLxP68T4eCsGwsVRgiKZ4dQSJgcMlyLtCKgfaEBkWXJgQpFOdMMEbSgjPNUjNLOCmkfzuz386R5XHGqlZPraql2Pm0mT/bIPikTh5ySGrkkddIgnDyQJ/JMXqxH69V6s95/RnPWdGeX/IH18Q10t56d</latexit>

1

<latexit sha1_base64="Gl7IJD/p+X+gIue2rC6TQdTUxgo=">AAAB+HicbVC7TsNAEFyHVwivACXNiQiJKrIRCMoIGsogkYeUWNH5sglHzmfrbo0UovwDLVR0iJa/oeBfcIwLSJhqNLOrnZ0gVtKS6346haXlldW14nppY3Nre6e8u9e0UWIENkSkItMOuEUlNTZIksJ2bJCHgcJWMLqa+a0HNFZG+pbGMfohH2o5kIJTKjW7Ug9o3CtX3KqbgS0SLycVyFHvlb+6/UgkIWoSilvb8dyY/Ak3JIXCaambWIy5GPEhdlKqeYjWn2Rpp+wosZwiFqNhUrFMxN8bEx5aOw6DdDLkdGfnvZn4n9dJaHDhT6SOE0ItZodIKswOWWFkWgOyvjRIxGfJkUnNBDecCI1kXIhUTNJeSmkf3vz3i6R5UvVOq2c3p5XaZd5MEQ7gEI7Bg3OowTXUoQEC7uEJnuHFeXRenTfn/We04OQ7+/AHzsc3e+iTyQ==</latexit>

f(1) = 1

<latexit sha1_base64="bN9/LgDt6rQ7APfwfcwxjDyaRwk=">AAACBnicbVC7TsNAEDyHVwgvE0qaExFSaCIbBUGDFEFDGSTykBIrOl824ZTz2bpbI6IoPV9BCxUdouU3KPgX7MQFJEw1mtnVzo4fSWHQcb6s3Mrq2vpGfrOwtb2zu2fvF5smjDWHBg9lqNs+MyCFggYKlNCONLDAl9DyR9ep33oAbUSo7nAcgRewoRIDwRkmUs8uDspdoQY4PqGXdM56dsmpODPQZeJmpEQy1Hv2d7cf8jgAhVwyYzquE6E3YRoFlzAtdGMDEeMjNoROQhULwHiTWfYpPY4Nw5BGoKmQdCbC740JC4wZB34yGTC8N4teKv7ndWIcXHgToaIYQfH0EAoJs0OGa5GUArQvNCCyNDlQoShnmiGCFpRxnohx0lIh6cNd/H6ZNE8rbrVydlst1a6yZvLkkByRMnHJOamRG1InDcLJI3kmL+TVerLerHfrYz6as7KdA/IH1ucPrjWYLA==</latexit>

f(n) = n/2

<latexit sha1_base64="dlNCBNTAQ0EZ9TziOvvj+rd9/hQ=">AAAB/HicbVC7TsNAEDyHVwivACXNiQgpNMGOgqBBiqChDBJ5iMSKzpdNOOV8tu7WSJEVvoIWKjpEy79Q8C/YJgUkTDWa2dXOjhdKYdC2P63c0vLK6lp+vbCxubW9U9zda5kg0hyaPJCB7njMgBQKmihQQifUwHxPQtsbX6V++wG0EYG6xUkIrs9GSgwFZ5hId8OyOqYXVJ1U+8WSXbEz0EXizEiJzNDoF796g4BHPijkkhnTdewQ3ZhpFFzCtNCLDISMj9kIuglVzAfjxlniKT2KDMOAhqCpkDQT4fdGzHxjJr6XTPoM7828l4r/ed0Ih+duLFQYISieHkIhITtkuBZJFUAHQgMiS5MDFYpyphkiaEEZ54kYJd0Ukj6c+e8XSatacWqV05taqX45ayZPDsghKROHnJE6uSYN0iScKPJEnsmL9Wi9Wm/W+89ozprt7JM/sD6+AfTwk9w=</latexit>

monotone?



6666

Example

0

1

2

3

…

(N [ {1},)

<latexit sha1_base64="ILroAKqow+rb8b1NWl/RZwIHNFM=">AAACFHicbVC7SgNBFJ2NrxhfUUubwSBEkLArES2DNlYSwTwgG8Ls5CYOmZ1dZ+4KYdnWT/ArbLWyE1t7C//F3ZhCE091OOde7rnHC6UwaNufVm5hcWl5Jb9aWFvf2Nwqbu80TRBpDg0eyEC3PWZACgUNFCihHWpgvieh5Y0uMr91D9qIQN3gOISuz4ZKDARnmEq9Ii27PsNbz4uvEpdHoRu7Qg1w7CZH1JVwd9grluyKPQGdJ86UlMgU9V7xy+0HPPJBIZfMmI5jh9iNmUbBJSQFNzIQMj5iQ+ikVDEfTDeefJLQg8gwDGgImgpJJyL83oiZb8zY99LJLLaZ9TLxP68T4eCsGwsVRgiKZ4dQSJgcMlyLtCKgfaEBkWXJgQpFOdMMEbSgjPNUjNLOCmkfzuz386R5XHGqlZPraql2Pm0mT/bIPikTh5ySGrkkddIgnDyQJ/JMXqxH69V6s95/RnPWdGeX/IH18Q10t56d</latexit>

1

<latexit sha1_base64="Gl7IJD/p+X+gIue2rC6TQdTUxgo=">AAAB+HicbVC7TsNAEFyHVwivACXNiQiJKrIRCMoIGsogkYeUWNH5sglHzmfrbo0UovwDLVR0iJa/oeBfcIwLSJhqNLOrnZ0gVtKS6346haXlldW14nppY3Nre6e8u9e0UWIENkSkItMOuEUlNTZIksJ2bJCHgcJWMLqa+a0HNFZG+pbGMfohH2o5kIJTKjW7Ug9o3CtX3KqbgS0SLycVyFHvlb+6/UgkIWoSilvb8dyY/Ak3JIXCaambWIy5GPEhdlKqeYjWn2Rpp+wosZwiFqNhUrFMxN8bEx5aOw6DdDLkdGfnvZn4n9dJaHDhT6SOE0ItZodIKswOWWFkWgOyvjRIxGfJkUnNBDecCI1kXIhUTNJeSmkf3vz3i6R5UvVOq2c3p5XaZd5MEQ7gEI7Bg3OowTXUoQEC7uEJnuHFeXRenTfn/We04OQ7+/AHzsc3e+iTyQ==</latexit>

0

1
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…

(N [ {1},)

<latexit sha1_base64="ILroAKqow+rb8b1NWl/RZwIHNFM=">AAACFHicbVC7SgNBFJ2NrxhfUUubwSBEkLArES2DNlYSwTwgG8Ls5CYOmZ1dZ+4KYdnWT/ArbLWyE1t7C//F3ZhCE091OOde7rnHC6UwaNufVm5hcWl5Jb9aWFvf2Nwqbu80TRBpDg0eyEC3PWZACgUNFCihHWpgvieh5Y0uMr91D9qIQN3gOISuz4ZKDARnmEq9Ii27PsNbz4uvEpdHoRu7Qg1w7CZH1JVwd9grluyKPQGdJ86UlMgU9V7xy+0HPPJBIZfMmI5jh9iNmUbBJSQFNzIQMj5iQ+ikVDEfTDeefJLQg8gwDGgImgpJJyL83oiZb8zY99LJLLaZ9TLxP68T4eCsGwsVRgiKZ4dQSJgcMlyLtCKgfaEBkWXJgQpFOdMMEbSgjPNUjNLOCmkfzuz386R5XHGqlZPraql2Pm0mT/bIPikTh5ySGrkkddIgnDyQJ/JMXqxH69V6s95/RnPWdGeX/IH18Q10t56d</latexit>

1

<latexit sha1_base64="Gl7IJD/p+X+gIue2rC6TQdTUxgo=">AAAB+HicbVC7TsNAEFyHVwivACXNiQiJKrIRCMoIGsogkYeUWNH5sglHzmfrbo0UovwDLVR0iJa/oeBfcIwLSJhqNLOrnZ0gVtKS6346haXlldW14nppY3Nre6e8u9e0UWIENkSkItMOuEUlNTZIksJ2bJCHgcJWMLqa+a0HNFZG+pbGMfohH2o5kIJTKjW7Ug9o3CtX3KqbgS0SLycVyFHvlb+6/UgkIWoSilvb8dyY/Ak3JIXCaambWIy5GPEhdlKqeYjWn2Rpp+wosZwiFqNhUrFMxN8bEx5aOw6DdDLkdGfnvZn4n9dJaHDhT6SOE0ItZodIKswOWWFkWgOyvjRIxGfJkUnNBDecCI1kXIhUTNJeSmkf3vz3i6R5UvVOq2c3p5XaZd5MEQ7gEI7Bg3OowTXUoQEC7uEJnuHFeXRenTfn/We04OQ7+/AHzsc3e+iTyQ==</latexit>

f(1) = 1

<latexit sha1_base64="bN9/LgDt6rQ7APfwfcwxjDyaRwk=">AAACBnicbVC7TsNAEDyHVwgvE0qaExFSaCIbBUGDFEFDGSTykBIrOl824ZTz2bpbI6IoPV9BCxUdouU3KPgX7MQFJEw1mtnVzo4fSWHQcb6s3Mrq2vpGfrOwtb2zu2fvF5smjDWHBg9lqNs+MyCFggYKlNCONLDAl9DyR9ep33oAbUSo7nAcgRewoRIDwRkmUs8uDspdoQY4PqGXdM56dsmpODPQZeJmpEQy1Hv2d7cf8jgAhVwyYzquE6E3YRoFlzAtdGMDEeMjNoROQhULwHiTWfYpPY4Nw5BGoKmQdCbC740JC4wZB34yGTC8N4teKv7ndWIcXHgToaIYQfH0EAoJs0OGa5GUArQvNCCyNDlQoShnmiGCFpRxnohx0lIh6cNd/H6ZNE8rbrVydlst1a6yZvLkkByRMnHJOamRG1InDcLJI3kmL+TVerLerHfrYz6as7KdA/IH1ucPrjWYLA==</latexit>

<latexit sha1_base64="5giO3nBy2AlKFlgm/Agxf2bGKlk=">AAACA3icbVBNT8JAFNziF+IHqEcvGwkJXkhLjHoxIXrxiIkgCW3Idnnghu222X01IYSjv8KrnrwZr/4QD/4X29qDgnOazLyXN2/8SAqDtv1pFVZW19Y3ipulre2d3XJlb79rwlhz6PBQhrrnMwNSKOigQAm9SAMLfAl3/uQq9e8eQBsRqlucRuAFbKzESHCGiTSolEd1dUwvqHKpW3Npc1Cp2g07A10mTk6qJEd7UPlyhyGPA1DIJTOm79gRejOmUXAJ85IbG4gYn7Ax9BOqWADGm2XB57QWG4YhjUBTIWkmwu+NGQuMmQZ+MhkwvDeLXir+5/VjHJ17M6GiGEHx9BAKCdkhw7VIGgE6FBoQWZocqFCUM80QQQvKOE/EOKmolPThLH6/TLrNhnPasG9Oqq3LvJkiOSRHpE4cckZa5Jq0SYdwEpMn8kxerEfr1Xqz3n9GC1a+c0D+wPr4BjhTlYY=</latexit>

f(n) = n % 2

monotone?
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(N [ {1},)

<latexit sha1_base64="ILroAKqow+rb8b1NWl/RZwIHNFM=">AAACFHicbVC7SgNBFJ2NrxhfUUubwSBEkLArES2DNlYSwTwgG8Ls5CYOmZ1dZ+4KYdnWT/ArbLWyE1t7C//F3ZhCE091OOde7rnHC6UwaNufVm5hcWl5Jb9aWFvf2Nwqbu80TRBpDg0eyEC3PWZACgUNFCihHWpgvieh5Y0uMr91D9qIQN3gOISuz4ZKDARnmEq9Ii27PsNbz4uvEpdHoRu7Qg1w7CZH1JVwd9grluyKPQGdJ86UlMgU9V7xy+0HPPJBIZfMmI5jh9iNmUbBJSQFNzIQMj5iQ+ikVDEfTDeefJLQg8gwDGgImgpJJyL83oiZb8zY99LJLLaZ9TLxP68T4eCsGwsVRgiKZ4dQSJgcMlyLtCKgfaEBkWXJgQpFOdMMEbSgjPNUjNLOCmkfzuz386R5XHGqlZPraql2Pm0mT/bIPikTh5ySGrkkddIgnDyQJ/JMXqxH69V6s95/RnPWdGeX/IH18Q10t56d</latexit>

1

<latexit sha1_base64="Gl7IJD/p+X+gIue2rC6TQdTUxgo=">AAAB+HicbVC7TsNAEFyHVwivACXNiQiJKrIRCMoIGsogkYeUWNH5sglHzmfrbo0UovwDLVR0iJa/oeBfcIwLSJhqNLOrnZ0gVtKS6346haXlldW14nppY3Nre6e8u9e0UWIENkSkItMOuEUlNTZIksJ2bJCHgcJWMLqa+a0HNFZG+pbGMfohH2o5kIJTKjW7Ug9o3CtX3KqbgS0SLycVyFHvlb+6/UgkIWoSilvb8dyY/Ak3JIXCaambWIy5GPEhdlKqeYjWn2Rpp+wosZwiFqNhUrFMxN8bEx5aOw6DdDLkdGfnvZn4n9dJaHDhT6SOE0ItZodIKswOWWFkWgOyvjRIxGfJkUnNBDecCI1kXIhUTNJeSmkf3vz3i6R5UvVOq2c3p5XaZd5MEQ7gEI7Bg3OowTXUoQEC7uEJnuHFeXRenTfn/We04OQ7+/AHzsc3e+iTyQ==</latexit>
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…

(N [ {1},)

<latexit sha1_base64="ILroAKqow+rb8b1NWl/RZwIHNFM=">AAACFHicbVC7SgNBFJ2NrxhfUUubwSBEkLArES2DNlYSwTwgG8Ls5CYOmZ1dZ+4KYdnWT/ArbLWyE1t7C//F3ZhCE091OOde7rnHC6UwaNufVm5hcWl5Jb9aWFvf2Nwqbu80TRBpDg0eyEC3PWZACgUNFCihHWpgvieh5Y0uMr91D9qIQN3gOISuz4ZKDARnmEq9Ii27PsNbz4uvEpdHoRu7Qg1w7CZH1JVwd9grluyKPQGdJ86UlMgU9V7xy+0HPPJBIZfMmI5jh9iNmUbBJSQFNzIQMj5iQ+ikVDEfTDeefJLQg8gwDGgImgpJJyL83oiZb8zY99LJLLaZ9TLxP68T4eCsGwsVRgiKZ4dQSJgcMlyLtCKgfaEBkWXJgQpFOdMMEbSgjPNUjNLOCmkfzuz386R5XHGqlZPraql2Pm0mT/bIPikTh5ySGrkkddIgnDyQJ/JMXqxH69V6s95/RnPWdGeX/IH18Q10t56d</latexit>

1

<latexit sha1_base64="Gl7IJD/p+X+gIue2rC6TQdTUxgo=">AAAB+HicbVC7TsNAEFyHVwivACXNiQiJKrIRCMoIGsogkYeUWNH5sglHzmfrbo0UovwDLVR0iJa/oeBfcIwLSJhqNLOrnZ0gVtKS6346haXlldW14nppY3Nre6e8u9e0UWIENkSkItMOuEUlNTZIksJ2bJCHgcJWMLqa+a0HNFZG+pbGMfohH2o5kIJTKjW7Ug9o3CtX3KqbgS0SLycVyFHvlb+6/UgkIWoSilvb8dyY/Ak3JIXCaambWIy5GPEhdlKqeYjWn2Rpp+wosZwiFqNhUrFMxN8bEx5aOw6DdDLkdGfnvZn4n9dJaHDhT6SOE0ItZodIKswOWWFkWgOyvjRIxGfJkUnNBDecCI1kXIhUTNJeSmkf3vz3i6R5UvVOq2c3p5XaZd5MEQ7gEI7Bg3OowTXUoQEC7uEJnuHFeXRenTfn/We04OQ7+/AHzsc3e+iTyQ==</latexit>

f(n) = 2

<latexit sha1_base64="kzSVZPw6Hwv9+X4OD8dnjxf1yyU=">AAAB+nicbVC7TsNAEDyHVwivACXNiQgpNJEdBUGDFEFDGSTykBIrOl824ZTz2bpbI0UmP0ELFR2i5Wco+Bds4wISphrN7GpnxwulMGjbn1ZhZXVtfaO4Wdra3tndK+8fdEwQaQ5tHshA9zxmQAoFbRQooRdqYL4noetNr1O/+wDaiEDd4SwE12cTJcaCM0yk3riqTuklrQ/LFbtmZ6DLxMlJheRoDctfg1HAIx8UcsmM6Tt2iG7MNAouYV4aRAZCxqdsAv2EKuaDceMs75yeRIZhQEPQVEiaifB7I2a+MTPfSyZ9hvdm0UvF/7x+hOMLNxYqjBAUTw+hkJAdMlyLpAigI6EBkaXJgQpFOdMMEbSgjPNEjJJmSkkfzuL3y6RTrzmN2tlto9K8ypspkiNyTKrEIeekSW5Ii7QJJ5I8kWfyYj1ar9ab9f4zWrDynUPyB9bHN7Hjkys=</latexit>

f(1) = 3

<latexit sha1_base64="NLuAJaKTarcTRUccb+csOTFE2ps=">AAAB/3icbVC7TsNAEDyHVwivACXNiQgpNJENQdAgRdBQBok8pMSKzpdNOOV8NndrpMhKwVfQQkWHaPkUCv4F27iAwFSjmV3t7HihFAZt+8MqLCwuLa8UV0tr6xubW+XtnbYJIs2hxQMZ6K7HDEihoIUCJXRDDcz3JHS8yWXqd+5BGxGoG5yG4PpsrMRIcIaJ5I6qfaFGOD2k5/R4UK7YNTsD/UucnFRIjuag/NkfBjzyQSGXzJieY4foxkyj4BJmpX5kIGR8wsbQS6hiPhg3zkLP6EFkGAY0BE2FpJkIPzdi5hsz9b1k0md4a+a9VPzP60U4OnNjocIIQfH0EAoJ2SHDtUjaADoUGhBZmhyoUJQzzRBBC8o4T8QoqaeU9OHMf/+XtI9qTr12cl2vNC7yZopkj+yTKnHIKWmQK9IkLcLJHXkkT+TZerBerFfr7Xu0YOU7u+QXrPcvw1OVdg==</latexit>

monotone?
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Continuous function
CPO(D,vD)

<latexit sha1_base64="Live4Qx2Oe5eCgXv2++U5D8PP9E=">AAACBXicbVC7TgJBFJ3FF+Jr0dJmIjHBxJBdg9GSKIUlJvJIgGxmhwtOmJ1dZu5qyIbar7DVys7Y+h0W/osLUih6qpNz7s099/iRFAYd58PKLC2vrK5l13Mbm1vbO3Z+t2HCWHOo81CGuuUzA1IoqKNACa1IAwt8CU1/eDn1m3egjQjVDY4j6AZsoERfcIap5Nn5YvW4Y0Ym9g0gjLzqkWcXnJIzA/1L3DkpkDlqnv3Z6YU8DkAhl8yYtutE2E2YRsElTHKd2EDE+JANoJ1SxQIw3WQWfUIPY8MwpBFoKiSdifBzI2GBMePATycDhrdm0ZuK/3ntGPvn3USoKEZQfHoIhYTZIcO1SDsB2hMaENk0OVChKGeaIYIWlHGeinFaUi7tw138/i9pnJTccun0ulyoXMybyZJ9ckCKxCVnpEKuSI3UCSf35JE8kWfrwXqxXq2379GMNd/ZI79gvX8BOg+X8g==</latexit>

(E,vE)

<latexit sha1_base64="Lk6hMY8ufjdwUK1TeoiuIJLy+28=">AAACBXicbVDLSgNBEJyNrxhfGz16GQxCBAm7EtFjUAIeI5gHJGGZnXTikNnZzUyvEpac/QqvevImXv0OD/6Lm5iDRutUVHXT1eVHUhh0nA8rs7S8srqWXc9tbG5t79j53YYJY82hzkMZ6pbPDEihoI4CJbQiDSzwJTT94eXUb96BNiJUNziOoBuwgRJ9wRmmkmfni9XjjhmZ2DeAMPKqR55dcErODPQvceekQOaoefZnpxfyOACFXDJj2q4TYTdhGgWXMMl1YgMR40M2gHZKFQvAdJNZ9Ak9jA3DkEagqZB0JsLPjYQFxowDP50MGN6aRW8q/ue1Y+yfdxOhohhB8ekhFBJmhwzXIu0EaE9oQGTT5ECFopxphghaUMZ5KsZpSbm0D3fx+7+kcVJyy6XT63KhcjFvJkv2yQEpEpeckQq5IjVSJ5zck0fyRJ6tB+vFerXevkcz1nxnj/yC9f4FPT2X9A==</latexit>

f : D ! E

<latexit sha1_base64="gzXU4vrZR74u1nGcRxyrlaFLtFI=">AAACBHicbVDLTgJBEJzFF+Jr1aOXicTEE9k1GI0n4iPxiIk8EiCkd2hgwuwjM70YQrj6FV715M149T88+C8uKwcF61Sp6k5XlxcpachxPq3M0vLK6lp2PbexubW9Y+/uVU0Ya4EVEapQ1z0wqGSAFZKksB5pBN9TWPMGV1O/NkRtZBjc0yjClg+9QHalAEqktm13L66bWvb6BFqHD/ymbeedgpOCLxJ3RvJshnLb/mp2QhH7GJBQYEzDdSJqjUGTFAonuWZsMAIxgB42EhqAj6Y1TpNP+FFsgEIeoeZS8VTE3xtj8I0Z+V4y6QP1zbw3Ff/zGjF1z1tjGUQxYSCmh0gqTA8ZoWVSCfKO1EgE0+TIZcAFaCBCLTkIkYhx0lEu6cOd/36RVE8KbrFwelfMly5nzWTZATtkx8xlZ6zEblmZVZhgQ/bEntmL9Wi9Wm/W+89oxprt7LM/sD6+Ad1El8Y=</latexit>

CPO

f

<latexit sha1_base64="H7mM6ob8NDgJ0va0bQzoeEJeSbg=">AAAB83icbVC7TsNAEDyHVwivACXNiQiJKrJREJQRNJSJRB5SYkXnyyaccj5bd3tIkZUvoIWKDtHyQRT8C7ZxAQlTjWZ2tbMTxFIYdN1Pp7S2vrG5Vd6u7Ozu7R9UD4+6JrKaQ4dHMtL9gBmQQkEHBUroxxpYGEjoBbPbzO89gjYiUvc4j8EP2VSJieAMU6k9GVVrbt3NQVeJV5AaKdAaVb+G44jbEBRyyYwZeG6MfsI0Ci5hURlaAzHjMzaFQUoVC8H4SR50Qc+sYRjRGDQVkuYi/N5IWGjMPAzSyZDhg1n2MvE/b2Bxcu0nQsUWQfHsEAoJ+SHDtUgbADoWGhBZlhyoUJQzzRBBC8o4T0WbVlJJ+/CWv18l3Yu616hfthu15k3RTJmckFNyTjxyRZrkjrRIh3AC5Ik8kxfHOq/Om/P+M1pyip1j8gfOxzdtE5F3</latexit>

is continuous if

Continuous = limit preserving

monotone

8{di}i2N. f

 
G

i2N
di

!
=
G

i2N
f(di)

<latexit sha1_base64="Nwh+Si8HWR2ROH7WvKy0StyJSYw="></latexit>

limit in limit in
D

<latexit sha1_base64="EdiVPFPllZhf5neTyy+WQdhGBFA=">AAACB3icbVDLTgJBEJzFF+IL9ehlIjHxRHYNRo9EPXiERB4JbEjv0OCE2Udmeo1kwwcYr/od3oxXP8PP8A/cRQ4C1qlS1d3VKS9S0pBtf1m5ldW19Y38ZmFre2d3r7h/0DRhrAU2RKhC3fbAoJIBNkiSwnakEXxPYcsbXWd+6wG1kWFwR+MIXR+GgRxIAZRK9ZtesWSX7Sn4MnFmpMRmqPWK391+KGIfAxIKjOk4dkRuApqkUDgpdGODEYgRDLGT0gB8NG4yfXTCT2IDFPIINZeKT0X8u5GAb8zY99JJH+jeLHqZ+J/XiWlw6SYyiGLCQGRBJBVOg4zQMm0AeV9qJILsc+Qy4AI0EKGWHIRIxTitZO4oKOUmj+NJ2pGz2MgyaZ6VnUr5vF4pVa9mbeXZETtmp8xhF6zKblmNNZhgyJ7ZC3u1nqw36936+B3NWbOdQzYH6/MH0AGaHA==</latexit>

E

<latexit sha1_base64="rgH0dPHaPhFWRHg30BS+kRd0Kbw=">AAACB3icbVDLSgNBEJyNrxhfUY9eBoPgKexKRI9BETwmYB6QLKF30olDZh/M9IphyQeIV/0Ob+LVz/Az/AN3Yw4msU5FVXdXU16kpCHb/rJyK6tr6xv5zcLW9s7uXnH/oGnCWAtsiFCFuu2BQSUDbJAkhe1II/iewpY3us781gNqI8PgjsYRuj4MAzmQAiiV6je9Ysku21PwZeLMSInNUOsVv7v9UMQ+BiQUGNNx7IjcBDRJoXBS6MYGIxAjGGInpQH4aNxk+uiEn8QGKOQRai4Vn4r4dyMB35ix76WTPtC9WfQy8T+vE9Pg0k1kEMWEgciCSCqcBhmhZdoA8r7USATZ58hlwAVoIEItOQiRinFaydxRUMpNHseTtCNnsZFl0jwrO5Xyeb1Sql7N2sqzI3bMTpnDLliV3bIaazDBkD2zF/ZqPVlv1rv18Tuas2Y7h2wO1ucP0aSaHQ==</latexit>

chain
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Continuity illustrated

d0

<latexit sha1_base64="0Oi6EU75RhQPAbowRw4siSkZ5aA=">AAACCXicbVC7TsNAEDyHVwivACXNiQiJKrIRCMoIGsogyENKrGh92YRTzg/drRGRlS9AtPAddIiWr+Az+AMc44IkTDWa2d1ZjRcpaci2v6zC0vLK6lpxvbSxubW9U97da5ow1gIbIlShbntgUMkAGyRJYTvSCL6nsOWNrqZ+6wG1kWFwR+MIXR+GgRxIAZRKt/2e3StX7KqdgS8SJycVlqPeK393+6GIfQxIKDCm49gRuQlokkLhpNSNDUYgRjDETkoD8NG4SfbqhB/FBijkEWouFc9E/LuRgG/M2PfSSR/o3sx7U/E/rxPT4MJNZBDFhIGYBpFUmAUZoWXaAfK+1EgE08+Ry4AL0ECEWnIQIhXjtJSZo6CUmzyOJ2lHznwji6R5UnVOq2c3p5XaZd5WkR2wQ3bMHHbOauya1VmDCTZkz+yFvVpP1pv1bn38jhasfGefzcD6/AE5u5rf</latexit>

d1

<latexit sha1_base64="zR3laxG5NG02zbfVSkbL2QUvITk=">AAACCXicbVC7TsNAEDyHVwivACXNiQiJKrIRCMoIGsogyENKrGh92YRTzg/drRGRlS9AtPAddIiWr+Az+AMc44IkTDWa2d1ZjRcpaci2v6zC0vLK6lpxvbSxubW9U97da5ow1gIbIlShbntgUMkAGyRJYTvSCL6nsOWNrqZ+6wG1kWFwR+MIXR+GgRxIAZRKt/2e0ytX7KqdgS8SJycVlqPeK393+6GIfQxIKDCm49gRuQlokkLhpNSNDUYgRjDETkoD8NG4SfbqhB/FBijkEWouFc9E/LuRgG/M2PfSSR/o3sx7U/E/rxPT4MJNZBDFhIGYBpFUmAUZoWXaAfK+1EgE08+Ry4AL0ECEWnIQIhXjtJSZo6CUmzyOJ2lHznwji6R5UnVOq2c3p5XaZd5WkR2wQ3bMHHbOauya1VmDCTZkz+yFvVpP1pv1bn38jhasfGefzcD6/AE7Xprg</latexit>

d2

<latexit sha1_base64="evATSHwP/dQ9yUTCx+M4VXyn3io=">AAACCXicbVDLTgJBEJzFF+IL9ehlIjHxRHYJRo9ELx4xyiOBDekdGpww+8hMr5Fs+ALjVb/Dm/HqV/gZ/oG7yEHAOlWqurs65UVKGrLtLyu3srq2vpHfLGxt7+zuFfcPmiaMtcCGCFWo2x4YVDLABklS2I40gu8pbHmjq8xvPaA2MgzuaByh68MwkAMpgFLptt+r9Iolu2xPwZeJMyMlNkO9V/zu9kMR+xiQUGBMx7EjchPQJIXCSaEbG4xAjGCInZQG4KNxk+mrE34SG6CQR6i5VHwq4t+NBHxjxr6XTvpA92bRy8T/vE5Mgws3kUEUEwYiCyKpcBpkhJZpB8j7UiMRZJ8jlwEXoIEIteQgRCrGaSlzR0EpN3kcT9KOnMVGlkmzUnaq5bObaql2OWsrz47YMTtlDjtnNXbN6qzBBBuyZ/bCXq0n6816tz5+R3PWbOeQzcH6/AE9AZrh</latexit>

...

<latexit sha1_base64="zmTqNKmK38Q94h+HwpWuuP7+B3Y=">AAACDHicbVDLTgJBEJzFF+IL9ehlIjHxRHYNRo9ELx4xkUcCG9I7NDgy+8hML5Fs+AXjVb/Dm/HqP/gZ/oHLykHAOlWqurs65UVKGrLtLyu3srq2vpHfLGxt7+zuFfcPGiaMtcC6CFWoWx4YVDLAOklS2Io0gu8pbHrD66nfHKE2MgzuaByh68MgkH0pgFKp0Rn1QjLdYsku2xn4MnFmpMRmqHWL351eKGIfAxIKjGk7dkRuApqkUDgpdGKDEYghDLCd0gB8NG6SfTvhJ7EBCnmEmkvFMxH/biTgGzP2vXTSB7o3i95U/M9rx9S/dBMZRDFhIKZBJBVmQUZomdaAvCc1EsH0c+Qy4AI0EKGWHIRIxTjtZe4oKOUmj+NJ2pGz2MgyaZyVnUr5/LZSql7N2sqzI3bMTpnDLliV3bAaqzPBHtgze2Gv1pP1Zr1bH7+jOWu2c8jmYH3+AEtpnJY=</latexit>

G

i2N
di

<latexit sha1_base64="H5Ij+glvVUstqgJWLxLoJF8ud7o=">AAACJnicbVBNS9xQFH3RqlM/x3YplEcHwdWQiKJL0U1XZQRHhUkIN2+u48WXl/jejTiE7PwxpVv7O9xJcedf8B80mc6ias/qcM79PEmuybHvP3kzsx/m5hdaHxeXlldW19rrn05dVliFfZXpzJ4n4FCTwT4TazzPLUKaaDxLro4a/+wGraPMnPA4xyiFkaELUsC1FLe/hAmN3LUq8rikkEyYAl8mSfm9quQwprjd8bv+BPI9CaakI6boxe2XcJipIkXDSoNzg8DPOSrBMimN1WJYOMxBXcEIBzU1kKKLyskfldwsHHAmc7SStJyI+G9HCalz4zSpK5sz3VuvEf/nDQq+2I9KMnnBaFSziEnjZJFTluqAUA7JIjM0l6MkIxVYYEZLEpSqxaJO7NVQ0Doqb8dVnVHwNpH35HS7G+x0d493OgeH07RaYkN8FVsiEHviQHwTPdEXStyJn+Je/PJ+eA/eo/f7b+mMN+35LF7Be/4DeCmnNA==</latexit>

f

 
G

i2N
di

!

<latexit sha1_base64="PesldY3irc/eYuyibo/BVZoRzNE="></latexit>

G

i2N
f(di)

<latexit sha1_base64="AlJYnZO7HQbII/cPKXnWw4H3LWA="></latexit>

f(d2)

<latexit sha1_base64="Vbc2ehxpCoQJRWCKO3q9oBQWCaM=">AAACDHicbVDLTgJBEJzFF+IL9ehlIjHBC9klGD0SvXjERB4JbEjv0ODI7CMzvUay4ReMV/0Ob8ar/+Bn+AcuyEHAOlWqurs65UVKGrLtLyuzsrq2vpHdzG1t7+zu5fcPGiaMtcC6CFWoWx4YVDLAOklS2Io0gu8pbHrDq4nffEBtZBjc0ihC14dBIPtSAKVSo1/sdcun3XzBLtlT8GXizEiBzVDr5r87vVDEPgYkFBjTduyI3AQ0SaFwnOvEBiMQQxhgO6UB+GjcZPrtmJ/EBijkEWouFZ+K+HcjAd+Yke+lkz7QnVn0JuJ/Xjum/oWbyCCKCQMxCSKpcBpkhJZpDch7UiMRTD5HLgMuQAMRaslBiFSM017mjoJSbvI4GqcdOYuNLJNGueRUSmc3lUL1ctZWlh2xY1ZkDjtnVXbNaqzOBLtnz+yFvVpP1pv1bn38jmas2c4hm4P1+QPbQ5u2</latexit>

f(d1)

<latexit sha1_base64="1Q/HvVqzZZIwssvS1KdDyX19bSU=">AAACDHicbVDLTgJBEJz1ifhCPXqZSEzwQnYNRo9ELx4xkUcCG9I7NDgy+8hMr5Fs+AXjVb/Dm/HqP/gZ/oHLykHAOlWqurs65UVKGrLtL2tpeWV1bT23kd/c2t7ZLeztN0wYa4F1EapQtzwwqGSAdZKksBVpBN9T2PSGVxO/+YDayDC4pVGErg+DQPalAEqlRr/U6zon3ULRLtsZ+CJxpqTIpqh1C9+dXihiHwMSCoxpO3ZEbgKapFA4zndigxGIIQywndIAfDRukn075sexAQp5hJpLxTMR/24k4Bsz8r100ge6M/PeRPzPa8fUv3ATGUQxYSAmQSQVZkFGaJnWgLwnNRLB5HPkMuACNBChlhyESMU47WXmKCjlJo+jcdqRM9/IImmclp1K+eymUqxeTtvKsUN2xErMYeesyq5ZjdWZYPfsmb2wV+vJerPerY/f0SVrunPAZmB9/gDZn5u1</latexit>

f(d0)

<latexit sha1_base64="bD6PLdK9bAENipdpyQepix7qrTs=">AAACDHicbVDLTgJBEJz1ifhCPXqZSEzwQnYNRo9ELx4xkUcCG9I7NDgy+8hMr5Fs+AXjVb/Dm/HqP/gZ/oHLykHAOlWqurs65UVKGrLtL2tpeWV1bT23kd/c2t7ZLeztN0wYa4F1EapQtzwwqGSAdZKksBVpBN9T2PSGVxO/+YDayDC4pVGErg+DQPalAEqlRr/U69on3ULRLtsZ+CJxpqTIpqh1C9+dXihiHwMSCoxpO3ZEbgKapFA4zndigxGIIQywndIAfDRukn075sexAQp5hJpLxTMR/24k4Bsz8r100ge6M/PeRPzPa8fUv3ATGUQxYSAmQSQVZkFGaJnWgLwnNRLB5HPkMuACNBChlhyESMU47WXmKCjlJo+jcdqRM9/IImmclp1K+eymUqxeTtvKsUN2xErMYeesyq5ZjdWZYPfsmb2wV+vJerPerY/f0SVrunPAZmB9/gDX+5u0</latexit>

...

<latexit sha1_base64="zmTqNKmK38Q94h+HwpWuuP7+B3Y=">AAACDHicbVDLTgJBEJzFF+IL9ehlIjHxRHYNRo9ELx4xkUcCG9I7NDgy+8hML5Fs+AXjVb/Dm/HqP/gZ/oHLykHAOlWqurs65UVKGrLtLyu3srq2vpHfLGxt7+zuFfcPGiaMtcC6CFWoWx4YVDLAOklS2Io0gu8pbHrD66nfHKE2MgzuaByh68MgkH0pgFKp0Rn1QjLdYsku2xn4MnFmpMRmqHWL351eKGIfAxIKjGk7dkRuApqkUDgpdGKDEYghDLCd0gB8NG6SfTvhJ7EBCnmEmkvFMxH/biTgGzP2vXTSB7o3i95U/M9rx9S/dBMZRDFhIKZBJBVmQUZomdaAvCc1EsH0c+Qy4AI0EKGWHIRIxTjtZe4oKOUmj+NJ2pGz2MgyaZyVnUr5/LZSql7N2sqzI3bMTpnDLliV3bAaqzPBHtgze2Gv1pP1Zr1bH7+jOWu2c8jmYH3+AEtpnJY=</latexit>

lub

u.b.
(by monotonicity)

a chain
(by monotonicity)a chain

lub

=?
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Continuity illustrated

d0

<latexit sha1_base64="0Oi6EU75RhQPAbowRw4siSkZ5aA=">AAACCXicbVC7TsNAEDyHVwivACXNiQiJKrIRCMoIGsogyENKrGh92YRTzg/drRGRlS9AtPAddIiWr+Az+AMc44IkTDWa2d1ZjRcpaci2v6zC0vLK6lpxvbSxubW9U97da5ow1gIbIlShbntgUMkAGyRJYTvSCL6nsOWNrqZ+6wG1kWFwR+MIXR+GgRxIAZRKt/2e3StX7KqdgS8SJycVlqPeK393+6GIfQxIKDCm49gRuQlokkLhpNSNDUYgRjDETkoD8NG4SfbqhB/FBijkEWouFc9E/LuRgG/M2PfSSR/o3sx7U/E/rxPT4MJNZBDFhIGYBpFUmAUZoWXaAfK+1EgE08+Ry4AL0ECEWnIQIhXjtJSZo6CUmzyOJ2lHznwji6R5UnVOq2c3p5XaZd5WkR2wQ3bMHHbOauya1VmDCTZkz+yFvVpP1pv1bn38jhasfGefzcD6/AE5u5rf</latexit>

d1

<latexit sha1_base64="zR3laxG5NG02zbfVSkbL2QUvITk=">AAACCXicbVC7TsNAEDyHVwivACXNiQiJKrIRCMoIGsogyENKrGh92YRTzg/drRGRlS9AtPAddIiWr+Az+AMc44IkTDWa2d1ZjRcpaci2v6zC0vLK6lpxvbSxubW9U97da5ow1gIbIlShbntgUMkAGyRJYTvSCL6nsOWNrqZ+6wG1kWFwR+MIXR+GgRxIAZRKt/2e0ytX7KqdgS8SJycVlqPeK393+6GIfQxIKDCm49gRuQlokkLhpNSNDUYgRjDETkoD8NG4SfbqhB/FBijkEWouFc9E/LuRgG/M2PfSSR/o3sx7U/E/rxPT4MJNZBDFhIGYBpFUmAUZoWXaAfK+1EgE08+Ry4AL0ECEWnIQIhXjtJSZo6CUmzyOJ2lHznwji6R5UnVOq2c3p5XaZd5WkR2wQ3bMHHbOauya1VmDCTZkz+yFvVpP1pv1bn38jhasfGefzcD6/AE7Xprg</latexit>

d2

<latexit sha1_base64="evATSHwP/dQ9yUTCx+M4VXyn3io=">AAACCXicbVDLTgJBEJzFF+IL9ehlIjHxRHYJRo9ELx4xyiOBDekdGpww+8hMr5Fs+ALjVb/Dm/HqV/gZ/oG7yEHAOlWqurs65UVKGrLtLyu3srq2vpHfLGxt7+zuFfcPmiaMtcCGCFWo2x4YVDLABklS2I40gu8pbHmjq8xvPaA2MgzuaByh68MwkAMpgFLptt+r9Iolu2xPwZeJMyMlNkO9V/zu9kMR+xiQUGBMx7EjchPQJIXCSaEbG4xAjGCInZQG4KNxk+mrE34SG6CQR6i5VHwq4t+NBHxjxr6XTvpA92bRy8T/vE5Mgws3kUEUEwYiCyKpcBpkhJZpB8j7UiMRZJ8jlwEXoIEIteQgRCrGaSlzR0EpN3kcT9KOnMVGlkmzUnaq5bObaql2OWsrz47YMTtlDjtnNXbN6qzBBBuyZ/bCXq0n6816tz5+R3PWbOeQzcH6/AE9AZrh</latexit>

...

<latexit sha1_base64="zmTqNKmK38Q94h+HwpWuuP7+B3Y=">AAACDHicbVDLTgJBEJzFF+IL9ehlIjHxRHYNRo9ELx4xkUcCG9I7NDgy+8hML5Fs+AXjVb/Dm/HqP/gZ/oHLykHAOlWqurs65UVKGrLtLyu3srq2vpHfLGxt7+zuFfcPGiaMtcC6CFWoWx4YVDLAOklS2Io0gu8pbHrD66nfHKE2MgzuaByh68MgkH0pgFKp0Rn1QjLdYsku2xn4MnFmpMRmqHWL351eKGIfAxIKjGk7dkRuApqkUDgpdGKDEYghDLCd0gB8NG6SfTvhJ7EBCnmEmkvFMxH/biTgGzP2vXTSB7o3i95U/M9rx9S/dBMZRDFhIKZBJBVmQUZomdaAvCc1EsH0c+Qy4AI0EKGWHIRIxTjtZe4oKOUmj+NJ2pGz2MgyaZyVnUr5/LZSql7N2sqzI3bMTpnDLliV3bAaqzPBHtgze2Gv1pP1Zr1bH7+jOWu2c8jmYH3+AEtpnJY=</latexit>

G

i2N
di

<latexit sha1_base64="H5Ij+glvVUstqgJWLxLoJF8ud7o=">AAACJnicbVBNS9xQFH3RqlM/x3YplEcHwdWQiKJL0U1XZQRHhUkIN2+u48WXl/jejTiE7PwxpVv7O9xJcedf8B80mc6ias/qcM79PEmuybHvP3kzsx/m5hdaHxeXlldW19rrn05dVliFfZXpzJ4n4FCTwT4TazzPLUKaaDxLro4a/+wGraPMnPA4xyiFkaELUsC1FLe/hAmN3LUq8rikkEyYAl8mSfm9quQwprjd8bv+BPI9CaakI6boxe2XcJipIkXDSoNzg8DPOSrBMimN1WJYOMxBXcEIBzU1kKKLyskfldwsHHAmc7SStJyI+G9HCalz4zSpK5sz3VuvEf/nDQq+2I9KMnnBaFSziEnjZJFTluqAUA7JIjM0l6MkIxVYYEZLEpSqxaJO7NVQ0Doqb8dVnVHwNpH35HS7G+x0d493OgeH07RaYkN8FVsiEHviQHwTPdEXStyJn+Je/PJ+eA/eo/f7b+mMN+35LF7Be/4DeCmnNA==</latexit>

f

 
G

i2N
di

!

<latexit sha1_base64="PesldY3irc/eYuyibo/BVZoRzNE="></latexit>

G

i2N
f(di)

<latexit sha1_base64="AlJYnZO7HQbII/cPKXnWw4H3LWA="></latexit>

f(d2)

<latexit sha1_base64="Vbc2ehxpCoQJRWCKO3q9oBQWCaM=">AAACDHicbVDLTgJBEJzFF+IL9ehlIjHBC9klGD0SvXjERB4JbEjv0ODI7CMzvUay4ReMV/0Ob8ar/+Bn+AcuyEHAOlWqurs65UVKGrLtLyuzsrq2vpHdzG1t7+zu5fcPGiaMtcC6CFWoWx4YVDLAOklS2Io0gu8pbHrDq4nffEBtZBjc0ihC14dBIPtSAKVSo1/sdcun3XzBLtlT8GXizEiBzVDr5r87vVDEPgYkFBjTduyI3AQ0SaFwnOvEBiMQQxhgO6UB+GjcZPrtmJ/EBijkEWouFZ+K+HcjAd+Yke+lkz7QnVn0JuJ/Xjum/oWbyCCKCQMxCSKpcBpkhJZpDch7UiMRTD5HLgMuQAMRaslBiFSM017mjoJSbvI4GqcdOYuNLJNGueRUSmc3lUL1ctZWlh2xY1ZkDjtnVXbNaqzOBLtnz+yFvVpP1pv1bn38jmas2c4hm4P1+QPbQ5u2</latexit>

f(d1)

<latexit sha1_base64="1Q/HvVqzZZIwssvS1KdDyX19bSU=">AAACDHicbVDLTgJBEJz1ifhCPXqZSEzwQnYNRo9ELx4xkUcCG9I7NDgy+8hMr5Fs+AXjVb/Dm/HqP/gZ/oHLykHAOlWqurs65UVKGrLtL2tpeWV1bT23kd/c2t7ZLeztN0wYa4F1EapQtzwwqGSAdZKksBVpBN9T2PSGVxO/+YDayDC4pVGErg+DQPalAEqlRr/U6zon3ULRLtsZ+CJxpqTIpqh1C9+dXihiHwMSCoxpO3ZEbgKapFA4zndigxGIIQywndIAfDRukn075sexAQp5hJpLxTMR/24k4Bsz8r100ge6M/PeRPzPa8fUv3ATGUQxYSAmQSQVZkFGaJnWgLwnNRLB5HPkMuACNBChlhyESMU47WXmKCjlJo+jcdqRM9/IImmclp1K+eymUqxeTtvKsUN2xErMYeesyq5ZjdWZYPfsmb2wV+vJerPerY/f0SVrunPAZmB9/gDZn5u1</latexit>

f(d0)

<latexit sha1_base64="bD6PLdK9bAENipdpyQepix7qrTs=">AAACDHicbVDLTgJBEJz1ifhCPXqZSEzwQnYNRo9ELx4xkUcCG9I7NDgy+8hMr5Fs+AXjVb/Dm/HqP/gZ/oHLykHAOlWqurs65UVKGrLtL2tpeWV1bT23kd/c2t7ZLeztN0wYa4F1EapQtzwwqGSAdZKksBVpBN9T2PSGVxO/+YDayDC4pVGErg+DQPalAEqlRr/U69on3ULRLtsZ+CJxpqTIpqh1C9+dXihiHwMSCoxpO3ZEbgKapFA4zndigxGIIQywndIAfDRukn075sexAQp5hJpLxTMR/24k4Bsz8r100ge6M/PeRPzPa8fUv3ATGUQxYSAmQSQVZkFGaJnWgLwnNRLB5HPkMuACNBChlhyESMU47WXmKCjlJo+jcdqRM9/IImmclp1K+eymUqxeTtvKsUN2xErMYeesyq5ZjdWZYPfsmb2wV+vJerPerY/f0SVrunPAZmB9/gDX+5u0</latexit>

...

<latexit sha1_base64="zmTqNKmK38Q94h+HwpWuuP7+B3Y=">AAACDHicbVDLTgJBEJzFF+IL9ehlIjHxRHYNRo9ELx4xkUcCG9I7NDgy+8hML5Fs+AXjVb/Dm/HqP/gZ/oHLykHAOlWqurs65UVKGrLtLyu3srq2vpHfLGxt7+zuFfcPGiaMtcC6CFWoWx4YVDLAOklS2Io0gu8pbHrD66nfHKE2MgzuaByh68MgkH0pgFKp0Rn1QjLdYsku2xn4MnFmpMRmqHWL351eKGIfAxIKjGk7dkRuApqkUDgpdGKDEYghDLCd0gB8NG6SfTvhJ7EBCnmEmkvFMxH/biTgGzP2vXTSB7o3i95U/M9rx9S/dBMZRDFhIKZBJBVmQUZomdaAvCc1EsH0c+Qy4AI0EKGWHIRIxTjtZe4oKOUmj+NJ2pGz2MgyaZyVnUr5/LZSql7N2sqzI3bMTpnDLliV3bAaqzPBHtgze2Gv1pP1Zr1bH7+jOWu2c8jmYH3+AEtpnJY=</latexit>

follows from
monotonicity
(and CPO)

a chain

lub

=?

G

i2N
f(di) vE f

 
G

i2N
di

!

<latexit sha1_base64="Gchini5P5broaJYXQedlKrcMvlI="></latexit>
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Continuity illustrated

d0

<latexit sha1_base64="0Oi6EU75RhQPAbowRw4siSkZ5aA=">AAACCXicbVC7TsNAEDyHVwivACXNiQiJKrIRCMoIGsogyENKrGh92YRTzg/drRGRlS9AtPAddIiWr+Az+AMc44IkTDWa2d1ZjRcpaci2v6zC0vLK6lpxvbSxubW9U97da5ow1gIbIlShbntgUMkAGyRJYTvSCL6nsOWNrqZ+6wG1kWFwR+MIXR+GgRxIAZRKt/2e3StX7KqdgS8SJycVlqPeK393+6GIfQxIKDCm49gRuQlokkLhpNSNDUYgRjDETkoD8NG4SfbqhB/FBijkEWouFc9E/LuRgG/M2PfSSR/o3sx7U/E/rxPT4MJNZBDFhIGYBpFUmAUZoWXaAfK+1EgE08+Ry4AL0ECEWnIQIhXjtJSZo6CUmzyOJ2lHznwji6R5UnVOq2c3p5XaZd5WkR2wQ3bMHHbOauya1VmDCTZkz+yFvVpP1pv1bn38jhasfGefzcD6/AE5u5rf</latexit>

d1

<latexit sha1_base64="zR3laxG5NG02zbfVSkbL2QUvITk=">AAACCXicbVC7TsNAEDyHVwivACXNiQiJKrIRCMoIGsogyENKrGh92YRTzg/drRGRlS9AtPAddIiWr+Az+AMc44IkTDWa2d1ZjRcpaci2v6zC0vLK6lpxvbSxubW9U97da5ow1gIbIlShbntgUMkAGyRJYTvSCL6nsOWNrqZ+6wG1kWFwR+MIXR+GgRxIAZRKt/2e0ytX7KqdgS8SJycVlqPeK393+6GIfQxIKDCm49gRuQlokkLhpNSNDUYgRjDETkoD8NG4SfbqhB/FBijkEWouFc9E/LuRgG/M2PfSSR/o3sx7U/E/rxPT4MJNZBDFhIGYBpFUmAUZoWXaAfK+1EgE08+Ry4AL0ECEWnIQIhXjtJSZo6CUmzyOJ2lHznwji6R5UnVOq2c3p5XaZd5WkR2wQ3bMHHbOauya1VmDCTZkz+yFvVpP1pv1bn38jhasfGefzcD6/AE7Xprg</latexit>

d2

<latexit sha1_base64="evATSHwP/dQ9yUTCx+M4VXyn3io=">AAACCXicbVDLTgJBEJzFF+IL9ehlIjHxRHYJRo9ELx4xyiOBDekdGpww+8hMr5Fs+ALjVb/Dm/HqV/gZ/oG7yEHAOlWqurs65UVKGrLtLyu3srq2vpHfLGxt7+zuFfcPmiaMtcCGCFWo2x4YVDLABklS2I40gu8pbHmjq8xvPaA2MgzuaByh68MwkAMpgFLptt+r9Iolu2xPwZeJMyMlNkO9V/zu9kMR+xiQUGBMx7EjchPQJIXCSaEbG4xAjGCInZQG4KNxk+mrE34SG6CQR6i5VHwq4t+NBHxjxr6XTvpA92bRy8T/vE5Mgws3kUEUEwYiCyKpcBpkhJZpB8j7UiMRZJ8jlwEXoIEIteQgRCrGaSlzR0EpN3kcT9KOnMVGlkmzUnaq5bObaql2OWsrz47YMTtlDjtnNXbN6qzBBBuyZ/bCXq0n6816tz5+R3PWbOeQzcH6/AE9AZrh</latexit>

...

<latexit sha1_base64="zmTqNKmK38Q94h+HwpWuuP7+B3Y=">AAACDHicbVDLTgJBEJzFF+IL9ehlIjHxRHYNRo9ELx4xkUcCG9I7NDgy+8hML5Fs+AXjVb/Dm/HqP/gZ/oHLykHAOlWqurs65UVKGrLtLyu3srq2vpHfLGxt7+zuFfcPGiaMtcC6CFWoWx4YVDLAOklS2Io0gu8pbHrD66nfHKE2MgzuaByh68MgkH0pgFKp0Rn1QjLdYsku2xn4MnFmpMRmqHWL351eKGIfAxIKjGk7dkRuApqkUDgpdGKDEYghDLCd0gB8NG6SfTvhJ7EBCnmEmkvFMxH/biTgGzP2vXTSB7o3i95U/M9rx9S/dBMZRDFhIKZBJBVmQUZomdaAvCc1EsH0c+Qy4AI0EKGWHIRIxTjtZe4oKOUmj+NJ2pGz2MgyaZyVnUr5/LZSql7N2sqzI3bMTpnDLliV3bAaqzPBHtgze2Gv1pP1Zr1bH7+jOWu2c8jmYH3+AEtpnJY=</latexit>

G

i2N
di

<latexit sha1_base64="H5Ij+glvVUstqgJWLxLoJF8ud7o=">AAACJnicbVBNS9xQFH3RqlM/x3YplEcHwdWQiKJL0U1XZQRHhUkIN2+u48WXl/jejTiE7PwxpVv7O9xJcedf8B80mc6ias/qcM79PEmuybHvP3kzsx/m5hdaHxeXlldW19rrn05dVliFfZXpzJ4n4FCTwT4TazzPLUKaaDxLro4a/+wGraPMnPA4xyiFkaELUsC1FLe/hAmN3LUq8rikkEyYAl8mSfm9quQwprjd8bv+BPI9CaakI6boxe2XcJipIkXDSoNzg8DPOSrBMimN1WJYOMxBXcEIBzU1kKKLyskfldwsHHAmc7SStJyI+G9HCalz4zSpK5sz3VuvEf/nDQq+2I9KMnnBaFSziEnjZJFTluqAUA7JIjM0l6MkIxVYYEZLEpSqxaJO7NVQ0Doqb8dVnVHwNpH35HS7G+x0d493OgeH07RaYkN8FVsiEHviQHwTPdEXStyJn+Je/PJ+eA/eo/f7b+mMN+35LF7Be/4DeCmnNA==</latexit>

f

 
G

i2N
di

!

<latexit sha1_base64="PesldY3irc/eYuyibo/BVZoRzNE="></latexit>

G

i2N
f(di)

<latexit sha1_base64="AlJYnZO7HQbII/cPKXnWw4H3LWA="></latexit>

f(d2)

<latexit sha1_base64="Vbc2ehxpCoQJRWCKO3q9oBQWCaM=">AAACDHicbVDLTgJBEJzFF+IL9ehlIjHBC9klGD0SvXjERB4JbEjv0ODI7CMzvUay4ReMV/0Ob8ar/+Bn+AcuyEHAOlWqurs65UVKGrLtLyuzsrq2vpHdzG1t7+zu5fcPGiaMtcC6CFWoWx4YVDLAOklS2Io0gu8pbHrDq4nffEBtZBjc0ihC14dBIPtSAKVSo1/sdcun3XzBLtlT8GXizEiBzVDr5r87vVDEPgYkFBjTduyI3AQ0SaFwnOvEBiMQQxhgO6UB+GjcZPrtmJ/EBijkEWouFZ+K+HcjAd+Yke+lkz7QnVn0JuJ/Xjum/oWbyCCKCQMxCSKpcBpkhJZpDch7UiMRTD5HLgMuQAMRaslBiFSM017mjoJSbvI4GqcdOYuNLJNGueRUSmc3lUL1ctZWlh2xY1ZkDjtnVXbNaqzOBLtnz+yFvVpP1pv1bn38jmas2c4hm4P1+QPbQ5u2</latexit>

f(d1)

<latexit sha1_base64="1Q/HvVqzZZIwssvS1KdDyX19bSU=">AAACDHicbVDLTgJBEJz1ifhCPXqZSEzwQnYNRo9ELx4xkUcCG9I7NDgy+8hMr5Fs+AXjVb/Dm/HqP/gZ/oHLykHAOlWqurs65UVKGrLtL2tpeWV1bT23kd/c2t7ZLeztN0wYa4F1EapQtzwwqGSAdZKksBVpBN9T2PSGVxO/+YDayDC4pVGErg+DQPalAEqlRr/U6zon3ULRLtsZ+CJxpqTIpqh1C9+dXihiHwMSCoxpO3ZEbgKapFA4zndigxGIIQywndIAfDRukn075sexAQp5hJpLxTMR/24k4Bsz8r100ge6M/PeRPzPa8fUv3ATGUQxYSAmQSQVZkFGaJnWgLwnNRLB5HPkMuACNBChlhyESMU47WXmKCjlJo+jcdqRM9/IImmclp1K+eymUqxeTtvKsUN2xErMYeesyq5ZjdWZYPfsmb2wV+vJerPerY/f0SVrunPAZmB9/gDZn5u1</latexit>

f(d0)

<latexit sha1_base64="bD6PLdK9bAENipdpyQepix7qrTs=">AAACDHicbVDLTgJBEJz1ifhCPXqZSEzwQnYNRo9ELx4xkUcCG9I7NDgy+8hMr5Fs+AXjVb/Dm/HqP/gZ/oHLykHAOlWqurs65UVKGrLtL2tpeWV1bT23kd/c2t7ZLeztN0wYa4F1EapQtzwwqGSAdZKksBVpBN9T2PSGVxO/+YDayDC4pVGErg+DQPalAEqlRr/U69on3ULRLtsZ+CJxpqTIpqh1C9+dXihiHwMSCoxpO3ZEbgKapFA4zndigxGIIQywndIAfDRukn075sexAQp5hJpLxTMR/24k4Bsz8r100ge6M/PeRPzPa8fUv3ATGUQxYSAmQSQVZkFGaJnWgLwnNRLB5HPkMuACNBChlhyESMU47WXmKCjlJo+jcdqRM9/IImmclp1K+eymUqxeTtvKsUN2xErMYeesyq5ZjdWZYPfsmb2wV+vJerPerY/f0SVrunPAZmB9/gDX+5u0</latexit>

...

<latexit sha1_base64="zmTqNKmK38Q94h+HwpWuuP7+B3Y=">AAACDHicbVDLTgJBEJzFF+IL9ehlIjHxRHYNRo9ELx4xkUcCG9I7NDgy+8hML5Fs+AXjVb/Dm/HqP/gZ/oHLykHAOlWqurs65UVKGrLtLyu3srq2vpHfLGxt7+zuFfcPGiaMtcC6CFWoWx4YVDLAOklS2Io0gu8pbHrD66nfHKE2MgzuaByh68MgkH0pgFKp0Rn1QjLdYsku2xn4MnFmpMRmqHWL351eKGIfAxIKjGk7dkRuApqkUDgpdGKDEYghDLCd0gB8NG6SfTvhJ7EBCnmEmkvFMxH/biTgGzP2vXTSB7o3i95U/M9rx9S/dBMZRDFhIKZBJBVmQUZomdaAvCc1EsH0c+Qy4AI0EKGWHIRIxTjtZe4oKOUmj+NJ2pGz2MgyaZyVnUr5/LZSql7N2sqzI3bMTpnDLliV3bAaqzPBHtgze2Gv1pP1Zr1bH7+jOWu2c8jmYH3+AEtpnJY=</latexit>

a chain

lub

=?

G

i2N
f(di)

?
wE f

 
G

i2N
di

!

<latexit sha1_base64="b+OzhPleEY31RPNWTtMSeP/tCoM="></latexit>

continuity



7272

Example

0

1

2

3

…

(N [ {1},)

<latexit sha1_base64="ILroAKqow+rb8b1NWl/RZwIHNFM=">AAACFHicbVC7SgNBFJ2NrxhfUUubwSBEkLArES2DNlYSwTwgG8Ls5CYOmZ1dZ+4KYdnWT/ArbLWyE1t7C//F3ZhCE091OOde7rnHC6UwaNufVm5hcWl5Jb9aWFvf2Nwqbu80TRBpDg0eyEC3PWZACgUNFCihHWpgvieh5Y0uMr91D9qIQN3gOISuz4ZKDARnmEq9Ii27PsNbz4uvEpdHoRu7Qg1w7CZH1JVwd9grluyKPQGdJ86UlMgU9V7xy+0HPPJBIZfMmI5jh9iNmUbBJSQFNzIQMj5iQ+ikVDEfTDeefJLQg8gwDGgImgpJJyL83oiZb8zY99LJLLaZ9TLxP68T4eCsGwsVRgiKZ4dQSJgcMlyLtCKgfaEBkWXJgQpFOdMMEbSgjPNUjNLOCmkfzuz386R5XHGqlZPraql2Pm0mT/bIPikTh5ySGrkkddIgnDyQJ/JMXqxH69V6s95/RnPWdGeX/IH18Q10t56d</latexit>

1

<latexit sha1_base64="Gl7IJD/p+X+gIue2rC6TQdTUxgo=">AAAB+HicbVC7TsNAEFyHVwivACXNiQiJKrIRCMoIGsogkYeUWNH5sglHzmfrbo0UovwDLVR0iJa/oeBfcIwLSJhqNLOrnZ0gVtKS6346haXlldW14nppY3Nre6e8u9e0UWIENkSkItMOuEUlNTZIksJ2bJCHgcJWMLqa+a0HNFZG+pbGMfohH2o5kIJTKjW7Ug9o3CtX3KqbgS0SLycVyFHvlb+6/UgkIWoSilvb8dyY/Ak3JIXCaambWIy5GPEhdlKqeYjWn2Rpp+wosZwiFqNhUrFMxN8bEx5aOw6DdDLkdGfnvZn4n9dJaHDhT6SOE0ItZodIKswOWWFkWgOyvjRIxGfJkUnNBDecCI1kXIhUTNJeSmkf3vz3i6R5UvVOq2c3p5XaZd5MEQ7gEI7Bg3OowTXUoQEC7uEJnuHFeXRenTfn/We04OQ7+/AHzsc3e+iTyQ==</latexit>

0

1

2

3

…

(N [ {1},)

<latexit sha1_base64="ILroAKqow+rb8b1NWl/RZwIHNFM=">AAACFHicbVC7SgNBFJ2NrxhfUUubwSBEkLArES2DNlYSwTwgG8Ls5CYOmZ1dZ+4KYdnWT/ArbLWyE1t7C//F3ZhCE091OOde7rnHC6UwaNufVm5hcWl5Jb9aWFvf2Nwqbu80TRBpDg0eyEC3PWZACgUNFCihHWpgvieh5Y0uMr91D9qIQN3gOISuz4ZKDARnmEq9Ii27PsNbz4uvEpdHoRu7Qg1w7CZH1JVwd9grluyKPQGdJ86UlMgU9V7xy+0HPPJBIZfMmI5jh9iNmUbBJSQFNzIQMj5iQ+ikVDEfTDeefJLQg8gwDGgImgpJJyL83oiZb8zY99LJLLaZ9TLxP68T4eCsGwsVRgiKZ4dQSJgcMlyLtCKgfaEBkWXJgQpFOdMMEbSgjPNUjNLOCmkfzuz386R5XHGqlZPraql2Pm0mT/bIPikTh5ySGrkkddIgnDyQJ/JMXqxH69V6s95/RnPWdGeX/IH18Q10t56d</latexit>

1

<latexit sha1_base64="Gl7IJD/p+X+gIue2rC6TQdTUxgo=">AAAB+HicbVC7TsNAEFyHVwivACXNiQiJKrIRCMoIGsogkYeUWNH5sglHzmfrbo0UovwDLVR0iJa/oeBfcIwLSJhqNLOrnZ0gVtKS6346haXlldW14nppY3Nre6e8u9e0UWIENkSkItMOuEUlNTZIksJ2bJCHgcJWMLqa+a0HNFZG+pbGMfohH2o5kIJTKjW7Ug9o3CtX3KqbgS0SLycVyFHvlb+6/UgkIWoSilvb8dyY/Ak3JIXCaambWIy5GPEhdlKqeYjWn2Rpp+wosZwiFqNhUrFMxN8bEx5aOw6DdDLkdGfnvZn4n9dJaHDhT6SOE0ItZodIKswOWWFkWgOyvjRIxGfJkUnNBDecCI1kXIhUTNJeSmkf3vz3i6R5UvVOq2c3p5XaZd5MEQ7gEI7Bg3OowTXUoQEC7uEJnuHFeXRenTfn/We04OQ7+/AHzsc3e+iTyQ==</latexit>

f(1) = 1

<latexit sha1_base64="bN9/LgDt6rQ7APfwfcwxjDyaRwk=">AAACBnicbVC7TsNAEDyHVwgvE0qaExFSaCIbBUGDFEFDGSTykBIrOl824ZTz2bpbI6IoPV9BCxUdouU3KPgX7MQFJEw1mtnVzo4fSWHQcb6s3Mrq2vpGfrOwtb2zu2fvF5smjDWHBg9lqNs+MyCFggYKlNCONLDAl9DyR9ep33oAbUSo7nAcgRewoRIDwRkmUs8uDspdoQY4PqGXdM56dsmpODPQZeJmpEQy1Hv2d7cf8jgAhVwyYzquE6E3YRoFlzAtdGMDEeMjNoROQhULwHiTWfYpPY4Nw5BGoKmQdCbC740JC4wZB34yGTC8N4teKv7ndWIcXHgToaIYQfH0EAoJs0OGa5GUArQvNCCyNDlQoShnmiGCFpRxnohx0lIh6cNd/H6ZNE8rbrVydlst1a6yZvLkkByRMnHJOamRG1InDcLJI3kmL+TVerLerHfrYz6as7KdA/IH1ucPrjWYLA==</latexit>

continuous?

f(n) = 2 · n

<latexit sha1_base64="i9mSg/93HyiIoP7wtr7ckA7n5IA=">AAACA3icbVC7TsNAEDzzDOGRACXNiQgpNJEdBUGDFEFDGSTykBIrOl824ZTz2bpbI0VWSr6CFio6RMuHUPAv2MYFJEw1mtnVzo4XSmHQtj+tldW19Y3NwlZxe2d3r1TeP+iYINIc2jyQge55zIAUCtooUEIv1MB8T0LXm16nfvcBtBGBusNZCK7PJkqMBWeYSMNyaVxVp/SS1gd8FCBNlIpdszPQZeLkpEJytIblr8Eo4JEPCrlkxvQdO0Q3ZhoFlzAvDiIDIeNTNoF+QhXzwbhxFnxOTyLDMKAhaCokzUT4vREz35iZ7yWTPsN7s+il4n9eP8LxhRsLFUYIiqeHUEjIDhmuRdII0JHQgMjS5ECFopxphghaUMZ5IkZJRcWkD2fx+2XSqdecRu3stlFpXuXNFMgROSZV4pBz0iQ3pEXahJOIPJFn8mI9Wq/Wm/X+M7pi5TuH5A+sj29H0JY2</latexit>
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(N [ {1},)

<latexit sha1_base64="ILroAKqow+rb8b1NWl/RZwIHNFM=">AAACFHicbVC7SgNBFJ2NrxhfUUubwSBEkLArES2DNlYSwTwgG8Ls5CYOmZ1dZ+4KYdnWT/ArbLWyE1t7C//F3ZhCE091OOde7rnHC6UwaNufVm5hcWl5Jb9aWFvf2Nwqbu80TRBpDg0eyEC3PWZACgUNFCihHWpgvieh5Y0uMr91D9qIQN3gOISuz4ZKDARnmEq9Ii27PsNbz4uvEpdHoRu7Qg1w7CZH1JVwd9grluyKPQGdJ86UlMgU9V7xy+0HPPJBIZfMmI5jh9iNmUbBJSQFNzIQMj5iQ+ikVDEfTDeefJLQg8gwDGgImgpJJyL83oiZb8zY99LJLLaZ9TLxP68T4eCsGwsVRgiKZ4dQSJgcMlyLtCKgfaEBkWXJgQpFOdMMEbSgjPNUjNLOCmkfzuz386R5XHGqlZPraql2Pm0mT/bIPikTh5ySGrkkddIgnDyQJ/JMXqxH69V6s95/RnPWdGeX/IH18Q10t56d</latexit>

1

<latexit sha1_base64="Gl7IJD/p+X+gIue2rC6TQdTUxgo=">AAAB+HicbVC7TsNAEFyHVwivACXNiQiJKrIRCMoIGsogkYeUWNH5sglHzmfrbo0UovwDLVR0iJa/oeBfcIwLSJhqNLOrnZ0gVtKS6346haXlldW14nppY3Nre6e8u9e0UWIENkSkItMOuEUlNTZIksJ2bJCHgcJWMLqa+a0HNFZG+pbGMfohH2o5kIJTKjW7Ug9o3CtX3KqbgS0SLycVyFHvlb+6/UgkIWoSilvb8dyY/Ak3JIXCaambWIy5GPEhdlKqeYjWn2Rpp+wosZwiFqNhUrFMxN8bEx5aOw6DdDLkdGfnvZn4n9dJaHDhT6SOE0ItZodIKswOWWFkWgOyvjRIxGfJkUnNBDecCI1kXIhUTNJeSmkf3vz3i6R5UvVOq2c3p5XaZd5MEQ7gEI7Bg3OowTXUoQEC7uEJnuHFeXRenTfn/We04OQ7+/AHzsc3e+iTyQ==</latexit>

0

1

2

3

…

(N [ {1},)

<latexit sha1_base64="ILroAKqow+rb8b1NWl/RZwIHNFM=">AAACFHicbVC7SgNBFJ2NrxhfUUubwSBEkLArES2DNlYSwTwgG8Ls5CYOmZ1dZ+4KYdnWT/ArbLWyE1t7C//F3ZhCE091OOde7rnHC6UwaNufVm5hcWl5Jb9aWFvf2Nwqbu80TRBpDg0eyEC3PWZACgUNFCihHWpgvieh5Y0uMr91D9qIQN3gOISuz4ZKDARnmEq9Ii27PsNbz4uvEpdHoRu7Qg1w7CZH1JVwd9grluyKPQGdJ86UlMgU9V7xy+0HPPJBIZfMmI5jh9iNmUbBJSQFNzIQMj5iQ+ikVDEfTDeefJLQg8gwDGgImgpJJyL83oiZb8zY99LJLLaZ9TLxP68T4eCsGwsVRgiKZ4dQSJgcMlyLtCKgfaEBkWXJgQpFOdMMEbSgjPNUjNLOCmkfzuz386R5XHGqlZPraql2Pm0mT/bIPikTh5ySGrkkddIgnDyQJ/JMXqxH69V6s95/RnPWdGeX/IH18Q10t56d</latexit>

1

<latexit sha1_base64="Gl7IJD/p+X+gIue2rC6TQdTUxgo=">AAAB+HicbVC7TsNAEFyHVwivACXNiQiJKrIRCMoIGsogkYeUWNH5sglHzmfrbo0UovwDLVR0iJa/oeBfcIwLSJhqNLOrnZ0gVtKS6346haXlldW14nppY3Nre6e8u9e0UWIENkSkItMOuEUlNTZIksJ2bJCHgcJWMLqa+a0HNFZG+pbGMfohH2o5kIJTKjW7Ug9o3CtX3KqbgS0SLycVyFHvlb+6/UgkIWoSilvb8dyY/Ak3JIXCaambWIy5GPEhdlKqeYjWn2Rpp+wosZwiFqNhUrFMxN8bEx5aOw6DdDLkdGfnvZn4n9dJaHDhT6SOE0ItZodIKswOWWFkWgOyvjRIxGfJkUnNBDecCI1kXIhUTNJeSmkf3vz3i6R5UvVOq2c3p5XaZd5MEQ7gEI7Bg3OowTXUoQEC7uEJnuHFeXRenTfn/We04OQ7+/AHzsc3e+iTyQ==</latexit>

f(1) = 1

<latexit sha1_base64="bN9/LgDt6rQ7APfwfcwxjDyaRwk=">AAACBnicbVC7TsNAEDyHVwgvE0qaExFSaCIbBUGDFEFDGSTykBIrOl824ZTz2bpbI6IoPV9BCxUdouU3KPgX7MQFJEw1mtnVzo4fSWHQcb6s3Mrq2vpGfrOwtb2zu2fvF5smjDWHBg9lqNs+MyCFggYKlNCONLDAl9DyR9ep33oAbUSo7nAcgRewoRIDwRkmUs8uDspdoQY4PqGXdM56dsmpODPQZeJmpEQy1Hv2d7cf8jgAhVwyYzquE6E3YRoFlzAtdGMDEeMjNoROQhULwHiTWfYpPY4Nw5BGoKmQdCbC740JC4wZB34yGTC8N4teKv7ndWIcXHgToaIYQfH0EAoJs0OGa5GUArQvNCCyNDlQoShnmiGCFpRxnohx0lIh6cNd/H6ZNE8rbrVydlst1a6yZvLkkByRMnHJOamRG1InDcLJI3kmL+TVerLerHfrYz6as7KdA/IH1ucPrjWYLA==</latexit>

continuous?

f(n) = n/2

<latexit sha1_base64="dlNCBNTAQ0EZ9TziOvvj+rd9/hQ=">AAAB/HicbVC7TsNAEDyHVwivACXNiQgpNMGOgqBBiqChDBJ5iMSKzpdNOOV8tu7WSJEVvoIWKjpEy79Q8C/YJgUkTDWa2dXOjhdKYdC2P63c0vLK6lp+vbCxubW9U9zda5kg0hyaPJCB7njMgBQKmihQQifUwHxPQtsbX6V++wG0EYG6xUkIrs9GSgwFZ5hId8OyOqYXVJ1U+8WSXbEz0EXizEiJzNDoF796g4BHPijkkhnTdewQ3ZhpFFzCtNCLDISMj9kIuglVzAfjxlniKT2KDMOAhqCpkDQT4fdGzHxjJr6XTPoM7828l4r/ed0Ih+duLFQYISieHkIhITtkuBZJFUAHQgMiS5MDFYpyphkiaEEZ54kYJd0Ukj6c+e8XSatacWqV05taqX45ayZPDsghKROHnJE6uSYN0iScKPJEnsmL9Wi9Wm/W+89ozprt7JM/sD6+AfTwk9w=</latexit>



7474

Example

0

1

2

3

…

monotone function, not continuous(N [ {1},)

<latexit sha1_base64="ILroAKqow+rb8b1NWl/RZwIHNFM=">AAACFHicbVC7SgNBFJ2NrxhfUUubwSBEkLArES2DNlYSwTwgG8Ls5CYOmZ1dZ+4KYdnWT/ArbLWyE1t7C//F3ZhCE091OOde7rnHC6UwaNufVm5hcWl5Jb9aWFvf2Nwqbu80TRBpDg0eyEC3PWZACgUNFCihHWpgvieh5Y0uMr91D9qIQN3gOISuz4ZKDARnmEq9Ii27PsNbz4uvEpdHoRu7Qg1w7CZH1JVwd9grluyKPQGdJ86UlMgU9V7xy+0HPPJBIZfMmI5jh9iNmUbBJSQFNzIQMj5iQ+ikVDEfTDeefJLQg8gwDGgImgpJJyL83oiZb8zY99LJLLaZ9TLxP68T4eCsGwsVRgiKZ4dQSJgcMlyLtCKgfaEBkWXJgQpFOdMMEbSgjPNUjNLOCmkfzuz386R5XHGqlZPraql2Pm0mT/bIPikTh5ySGrkkddIgnDyQJ/JMXqxH69V6s95/RnPWdGeX/IH18Q10t56d</latexit>

1

<latexit sha1_base64="Gl7IJD/p+X+gIue2rC6TQdTUxgo=">AAAB+HicbVC7TsNAEFyHVwivACXNiQiJKrIRCMoIGsogkYeUWNH5sglHzmfrbo0UovwDLVR0iJa/oeBfcIwLSJhqNLOrnZ0gVtKS6346haXlldW14nppY3Nre6e8u9e0UWIENkSkItMOuEUlNTZIksJ2bJCHgcJWMLqa+a0HNFZG+pbGMfohH2o5kIJTKjW7Ug9o3CtX3KqbgS0SLycVyFHvlb+6/UgkIWoSilvb8dyY/Ak3JIXCaambWIy5GPEhdlKqeYjWn2Rpp+wosZwiFqNhUrFMxN8bEx5aOw6DdDLkdGfnvZn4n9dJaHDhT6SOE0ItZodIKswOWWFkWgOyvjRIxGfJkUnNBDecCI1kXIhUTNJeSmkf3vz3i6R5UvVOq2c3p5XaZd5MEQ7gEI7Bg3OowTXUoQEC7uEJnuHFeXRenTfn/We04OQ7+/AHzsc3e+iTyQ==</latexit>

0

1

2

3

…

1

<latexit sha1_base64="Gl7IJD/p+X+gIue2rC6TQdTUxgo=">AAAB+HicbVC7TsNAEFyHVwivACXNiQiJKrIRCMoIGsogkYeUWNH5sglHzmfrbo0UovwDLVR0iJa/oeBfcIwLSJhqNLOrnZ0gVtKS6346haXlldW14nppY3Nre6e8u9e0UWIENkSkItMOuEUlNTZIksJ2bJCHgcJWMLqa+a0HNFZG+pbGMfohH2o5kIJTKjW7Ug9o3CtX3KqbgS0SLycVyFHvlb+6/UgkIWoSilvb8dyY/Ak3JIXCaambWIy5GPEhdlKqeYjWn2Rpp+wosZwiFqNhUrFMxN8bEx5aOw6DdDLkdGfnvZn4n9dJaHDhT6SOE0ItZodIKswOWWFkWgOyvjRIxGfJkUnNBDecCI1kXIhUTNJeSmkf3vz3i6R5UvVOq2c3p5XaZd5MEQ7gEI7Bg3OowTXUoQEC7uEJnuHFeXRenTfn/We04OQ7+/AHzsc3e+iTyQ==</latexit>

f(x) =

⇢
0 if x 2 N
1 if x = 1

<latexit sha1_base64="+Fx1YzUr65WhKvWwUpf1eGFFbjg="></latexit>

di = 2 · i

<latexit sha1_base64="TBldCt0Fz8Y5mjn7fWaSNZ/g9fM=">AAACAHicbVC7TsNAEDzzDOEVoKQ5ESFRRXYUBA1SBA1lkMhDSkx0Pm/CKeezdbdGiqw0fAUtVHSIlj+h4F+wjQtImGo0s6udHS+SwqBtf1pLyyura+uljfLm1vbObmVvv2PCWHNo81CGuucxA1IoaKNACb1IAws8CV1vcpX53QfQRoTqFqcRuAEbKzESnGEq3flDQS9ofcD9EKkYVqp2zc5BF4lTkCop0BpWvgZ+yOMAFHLJjOk7doRuwjQKLmFWHsQGIsYnbAz9lCoWgHGTPPWMHseGYUgj0FRImovweyNhgTHTwEsnA4b3Zt7LxP+8foyjczcRKooRFM8OoZCQHzJci7QOoL7QgMiy5ECFopxphghaUMZ5KsZpP+W0D2f++0XSqdecRu30plFtXhbNlMghOSInxCFnpEmuSYu0CSeaPJFn8mI9Wq/Wm/X+M7pkFTsH5A+sj2+sUJX9</latexit>

G

i2N
di = 1

<latexit sha1_base64="ddYF7c9LENvPZJKnXttuEaHyIIY=">AAACG3icbVC7TsNAEDzzJrwClDQnIgRVZKMgaJAiaKgQSAQixZF1vmzCivPZ3K2RIiufwCfwFbRQ0SFaCgr+BTukgMBUo5ld7eyEiUJLrvvhTExOTc/Mzs2XFhaXllfKq2uXNk6NhIaMVWyaobCgUEODkBQ0EwMiChVchTfHhX91B8ZirC+on0A7Ej2NXZSCcikob/sh9uytTJMgQx+1Hwm6DsPsdDDgnQD5Ic/FLvWDcsWtukPwv8QbkQob4Swof/qdWKYRaJJKWNvy3ITamTCEUsGg5KcWEiFvRA9aOdUiAtvOhg8N+FZqBcU8AcNR8aEIPzcyEVnbj8J8sshrx71C/M9rpdQ9aGeok5RAy+IQoYLhISsN5k0B76ABIlEkB46aS2EEERjkQspcTPPqSnkf3vj3f8nlbtWrVffOa5X60aiZObbBNtkO89g+q7MTdsYaTLJ79sie2LPz4Lw4r87b9+iEM9pZZ7/gvH8BZ6ehyg==</latexit>

f

 
G

i2N
di

!
= f(1) = 1

<latexit sha1_base64="eG41R1umIsfgpljf8uCju4nV6zg="></latexit>

f(di) = 0

<latexit sha1_base64="nBKedN2VWT2SmtoXs00B0csk1WI=">AAAB/HicbVC7TsNAEDyHVwivACXNiQgpNJGNgqBBiqChDBJ5iMSKzpdNOOV8tu7WSJEVvoIWKjpEy79Q8C/YxgUkTDWa2dXOjhdKYdC2P63C0vLK6lpxvbSxubW9U97da5sg0hxaPJCB7nrMgBQKWihQQjfUwHxPQsebXKV+5wG0EYG6xWkIrs/GSowEZ5hId6PqcCCO6QW1B+WKXbMz0EXi5KRCcjQH5a/+MOCRDwq5ZMb0HDtEN2YaBZcwK/UjAyHjEzaGXkIV88G4cZZ4Ro8iwzCgIWgqJM1E+L0RM9+Yqe8lkz7DezPvpeJ/Xi/C0bkbCxVGCIqnh1BIyA4ZrkVSBdCh0IDI0uRAhaKcaYYIWlDGeSJGSTelpA9n/vtF0j6pOfXa6U290rjMmymSA3JIqsQhZ6RBrkmTtAgnijyRZ/JiPVqv1pv1/jNasPKdffIH1sc3JvqT+w==</latexit>

G

i2N
f(di) =

G

i2N
0 = 0

<latexit sha1_base64="moQzWdYASsDxXjZjj4Bo+TlkYJY=">AAACNXicdVC7TsNAEDyHd3gFKGlOREihiWwEggaJR0OFQCKAFEfW+bIJq5zP5m6NhKx8D5/AV9CCKOgQLb+AHVIAgalGM7Pa3QkThZZc98UpjY1PTE5Nz5Rn5+YXFitLyxc2To2EhoxVbK5CYUGhhgYhKbhKDIgoVHAZ9o4K//IWjMVYn9NdAq1IdDV2UArKpaBy4IfYtTcyTYIMfdR+JOg6DLOTfr9Tawe4wff4/xGX77lBperW3QH4KPGGpMqGOA0qr347lmkEmqQS1jY9N6FWJgyhVNAv+6mFRMie6EIzp1pEYFvZ4NU+X0+toJgnYDgqPhDh+0QmImvvojBPFmfa314h/uU1U+rstjLUSUqgZbGIUMFgkZUG8w6Bt9EAkSguB46aS2EEERjkQspcTPNSy3kf3u/vR8nFZt3bqm+fbVX3D4fNTLNVtsZqzGM7bJ8ds1PWYJLds0f2xJ6dB+fVeXPev6IlZzizwn7A+fgEGiSsWQ==</latexit>



Kleene’s fixpoint theorem
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Repeated application
f : D ! D

<latexit sha1_base64="x/HrNPt0DSOs91vysQmOycMC+Yc=">AAACBHicbVC7TgJBFJ3FF+Jr1dJmIjGxIrsGo7EiSmGJiTwSIOTucIEJs4/M3MUQQutX2GplZ2z9Dwv/xV2kUPBUJ+fcm3vu8SIlDTnOp5VZWV1b38hu5ra2d3b37P2DmgljLbAqQhXqhgcGlQywSpIUNiKN4HsK697wJvXrI9RGhsE9jSNs+9APZE8KoETq2HbvqtzSsj8g0Dp84OWOnXcKzgx8mbhzkmdzVDr2V6sbitjHgIQCY5quE1F7ApqkUDjNtWKDEYgh9LGZ0AB8NO3JLPmUn8QGKOQRai4Vn4n4e2MCvjFj30smfaCBWfRS8T+vGVPvsj2RQRQTBiI9RFLh7JARWiaVIO9KjUSQJkcuAy5AAxFqyUGIRIyTjnJJH+7i98ukdlZwi4Xzu2K+dD1vJsuO2DE7ZS67YCV2yyqsygQbsSf2zF6sR+vVerPef0Yz1nznkP2B9fEN27WXxQ==</latexit>

fn(d) =

n timesz }| {
f(· · · (f(d)) · · · )

<latexit sha1_base64="bl2FIKLASlw5p7RAV7fsmRoTrzI="></latexit>

fn : D ! D

<latexit sha1_base64="4vCZptgV9upFay/9ymbKsDN1RVQ=">AAACCnicbVC7TsNAEDyHVwivABINzYkIiSqyURCICkEKSpAIICUmWh+bcMr5bN2tQcjkD/gKWqjoEC0/QcG/4AQXkDDVaGZXOztBrKQl1/10ChOTU9MzxdnS3PzC4lJ5eeXcRokR2BCRisxlABaV1NggSQovY4MQBgovgt7RwL+4RWNlpM/oPkY/hK6WHSmAMqldXutcpbq/z+u8ZWT3hsCY6I7X2+WKW3WH4OPEy0mF5Thpl79a15FIQtQkFFjb9NyY/BQMSaGwX2olFmMQPehiM6MaQrR+Oszf55uJBYp4jIZLxYci/t5IIbT2PgyyyRDoxo56A/E/r5lQZ89PpY4TQi0Gh0gqHB6ywsisGOTX0iARDJIjl5oLMECERnIQIhOTrKlS1oc3+v04Od+uerXqzmmtcnCYN1Nk62yDbTGP7bIDdsxOWIMJ9sCe2DN7cR6dV+fNef8ZLTj5zir7A+fjGwaAmgU=</latexit>

<latexit sha1_base64="jT60Jx8oR50pJoI7YyZ9mgMVpgc="></latexit>

f0(d)
M
= d

<latexit sha1_base64="+rYT1udSoW/H0f3Rsuj38EWSQfE="></latexit>

fn+1(d)
M
= f(fn(d))
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Towards Kleene’s theo.
(D,v)

<latexit sha1_base64="GGJJck8RyptN80jdmB4mmRYGsZM=">AAACA3icbVC7TgJBFJ3FF+KDVUubicQEE0N2DUZLohaWmMgjAUJmhwtOmJ1dZu6YEELpV9hqZWds/RAL/8VdpFD0VCfn3Jt77gliKQx63oeTWVpeWV3Lruc2Nre28+7Obt1EVnOo8UhGuhkwA1IoqKFACc1YAwsDCY1geJn6jXvQRkTqFscxdEI2UKIvOMNE6rr54tVx24yMDQwgjI66bsEreTPQv8SfkwKZo9p1P9u9iNsQFHLJjGn5XoydCdMouIRprm0NxIwP2QBaCVUsBNOZzIJP6aE1DCMag6ZC0pkIPzcmLDRmHAbJZMjwzix6qfif17LYP+9MhIotguLpIRQSZocM1yJpBGhPaEBkaXKgQlHONEMELSjjPBFtUlEu6cNf/P4vqZ+U/HLp9KZcqFzMm8mSfXJAisQnZ6RCrkmV1AgnljySJ/LsPDgvzqvz9j2aceY7e+QXnPcv5gSXOw==</latexit>

{fn(?)}n2N

<latexit sha1_base64="KrKOsk/BPWkDmwovtHnmH36Tv00=">AAACEnicbVC7SgNBFJ2NrxhfUUtBBoMQm7ArES2DNlYSwTwgG8Ps5CYOmZ1dZu4KYdnOT/ArbLWyE1t/wMJ/cTem0MRTHc65l3vu8UIpDNr2p5VbWFxaXsmvFtbWNza3its7TRNEmkODBzLQbY8ZkEJBAwVKaIcamO9JaHmji8xv3YM2IlA3OA6h67OhEgPBGaZSr7jvxoNbVXa9AI/cpBcrVyjXZ3jnefFVkvSKJbtiT0DniTMlJTJFvVf8cvsBj3xQyCUzpuPYIXZjplFwCUnBjQyEjI/YEDopVcwH040nfyT0MDIMAxqCpkLSiQi/N2LmGzP2vXQyi2hmvUz8z+tEODjrxkKFEYLi2SEUEiaHDNciLQhoX2hAZFlyoEJRzjRDBC0o4zwVo7SxQtqHM/v9PGkeV5xq5eS6WqqdT5vJkz1yQMrEIaekRi5JnTQIJw/kiTyTF+vRerXerPef0Zw13dklf2B9fAOfT55A</latexit>

when

Kleene’s fix point theorem states that 
if     is continuous, then the limit of the above chain
is the least fixpoint of

is a CPO?

<latexit sha1_base64="0eVAP1pPVndRR0pRSRwXSlriv/A=">AAAB/HicbVC7TsNAEDyHVwivACXNiQSJKrIRCMqINHQEiTxEYkXnyyaccj5bd2ukyApfQQsVHaLlXyj4F2zjAhKmGs3samfHC6UwaNufVmFpeWV1rbhe2tjc2t4p7+61TRBpDi0eyEB3PWZACgUtFCihG2pgvieh400aqd95AG1EoG5xGoLrs7ESI8EZJtJdo3ldHfS9AKuDcsWu2RnoInFyUiE5moPyV38Y8MgHhVwyY3qOHaIbM42CS5iV+pGBkPEJG0MvoYr5YNw4SzyjR5FhGNAQNBWSZiL83oiZb8zU95JJn+G9mfdS8T+vF+Howo2FCiMExdNDKCRkhwzXIqkC6FBoQGRpcqBCUc40QwQtKOM8EaOkm1LShzP//SJpn9Sc09rZzUmlfpk3UyQH5JAcE4eckzq5Ik3SIpwo8kSeyYv1aL1ab9b7z2jBynf2yR9YH98Wl5ST</latexit>

then is a chain

f

<latexit sha1_base64="H7mM6ob8NDgJ0va0bQzoeEJeSbg=">AAAB83icbVC7TsNAEDyHVwivACXNiQiJKrJREJQRNJSJRB5SYkXnyyaccj5bd3tIkZUvoIWKDtHyQRT8C7ZxAQlTjWZ2tbMTxFIYdN1Pp7S2vrG5Vd6u7Ozu7R9UD4+6JrKaQ4dHMtL9gBmQQkEHBUroxxpYGEjoBbPbzO89gjYiUvc4j8EP2VSJieAMU6k9GVVrbt3NQVeJV5AaKdAaVb+G44jbEBRyyYwZeG6MfsI0Ci5hURlaAzHjMzaFQUoVC8H4SR50Qc+sYRjRGDQVkuYi/N5IWGjMPAzSyZDhg1n2MvE/b2Bxcu0nQsUWQfHsEAoJ+SHDtUgbADoWGhBZlhyoUJQzzRBBC8o4T0WbVlJJ+/CWv18l3Yu616hfthu15k3RTJmckFNyTjxyRZrkjrRIh3AC5Ik8kxfHOq/Om/P+M1pyip1j8gfOxzdtE5F3</latexit>

f

<latexit sha1_base64="H7mM6ob8NDgJ0va0bQzoeEJeSbg=">AAAB83icbVC7TsNAEDyHVwivACXNiQiJKrJREJQRNJSJRB5SYkXnyyaccj5bd3tIkZUvoIWKDtHyQRT8C7ZxAQlTjWZ2tbMTxFIYdN1Pp7S2vrG5Vd6u7Ozu7R9UD4+6JrKaQ4dHMtL9gBmQQkEHBUroxxpYGEjoBbPbzO89gjYiUvc4j8EP2VSJieAMU6k9GVVrbt3NQVeJV5AaKdAaVb+G44jbEBRyyYwZeG6MfsI0Ci5hURlaAzHjMzaFQUoVC8H4SR50Qc+sYRjRGDQVkuYi/N5IWGjMPAzSyZDhg1n2MvE/b2Bxcu0nQsUWQfHsEAoJ+SHDtUgbADoWGhBZlhyoUJQzzRBBC8o4T0WbVlJJ+/CWv18l3Yu616hfthu15k3RTJmckFNyTjxyRZrkjrRIh3AC5Ik8kxfHOq/Om/P+M1pyip1j8gfOxzdtE5F3</latexit>

<latexit sha1_base64="Xcqmu3dm2X3aiNkYXfv0vvNgOBY=">AAACD3icbVC7TsNAEDzzDOFloExzIkIKTWQjBJQRNFQoSOQhxSE6XzbhlPPZulsjRZYLPoGvoIWKDtHyCRT8C3ZIAQlTjWZ2tbPjR1IYdJxPa2FxaXlltbBWXN/Y3Nq2d3abJow1hwYPZajbPjMghYIGCpTQjjSwwJfQ8kcXud+6B21EqG5wHEE3YEMlBoIzzKSeXfKSwa2q9A+9tJcoTygvYHjn+8lVmvbsslN1JqDzxJ2SMpmi3rO/vH7I4wAUcsmM6bhOhN2EaRRcQlr0YgMR4yM2hE5GFQvAdJPJEyk9iA3DkEagqZB0IsLvjYQFxowDP5vMI5pZLxf/8zoxDs66iVBRjKB4fgiFhMkhw7XI2gHaFxoQWZ4cqFCUM80QQQvKOM/EOKurmPXhzn4/T5pHVfek6lwfl2vn02YKpET2SYW45JTUyCWpkwbh5IE8kWfyYj1ar9ab9f4zumBNd/bIH1gf3x7CnOI=</latexit>

{fn(d)}n2N
not necessarily
a chain!

it must have a limit
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Kleene’s theorem
f : D ! D

<latexit sha1_base64="x/HrNPt0DSOs91vysQmOycMC+Yc=">AAACBHicbVC7TgJBFJ3FF+Jr1dJmIjGxIrsGo7EiSmGJiTwSIOTucIEJs4/M3MUQQutX2GplZ2z9Dwv/xV2kUPBUJ+fcm3vu8SIlDTnOp5VZWV1b38hu5ra2d3b37P2DmgljLbAqQhXqhgcGlQywSpIUNiKN4HsK697wJvXrI9RGhsE9jSNs+9APZE8KoETq2HbvqtzSsj8g0Dp84OWOnXcKzgx8mbhzkmdzVDr2V6sbitjHgIQCY5quE1F7ApqkUDjNtWKDEYgh9LGZ0AB8NO3JLPmUn8QGKOQRai4Vn4n4e2MCvjFj30smfaCBWfRS8T+vGVPvsj2RQRQTBiI9RFLh7JARWiaVIO9KjUSQJkcuAy5AAxFqyUGIRIyTjnJJH+7i98ukdlZwi4Xzu2K+dD1vJsuO2DE7ZS67YCV2yyqsygQbsSf2zF6sR+vVerPef0Yz1nznkP2B9fEN27WXxQ==</latexit>

(D,v)

<latexit sha1_base64="GGJJck8RyptN80jdmB4mmRYGsZM=">AAACA3icbVC7TgJBFJ3FF+KDVUubicQEE0N2DUZLohaWmMgjAUJmhwtOmJ1dZu6YEELpV9hqZWds/RAL/8VdpFD0VCfn3Jt77gliKQx63oeTWVpeWV3Lruc2Nre28+7Obt1EVnOo8UhGuhkwA1IoqKFACc1YAwsDCY1geJn6jXvQRkTqFscxdEI2UKIvOMNE6rr54tVx24yMDQwgjI66bsEreTPQv8SfkwKZo9p1P9u9iNsQFHLJjGn5XoydCdMouIRprm0NxIwP2QBaCVUsBNOZzIJP6aE1DCMag6ZC0pkIPzcmLDRmHAbJZMjwzix6qfif17LYP+9MhIotguLpIRQSZocM1yJpBGhPaEBkaXKgQlHONEMELSjjPBFtUlEu6cNf/P4vqZ+U/HLp9KZcqFzMm8mSfXJAisQnZ6RCrkmV1AgnljySJ/LsPDgvzqvz9j2aceY7e+QXnPcv5gSXOw==</latexit>

continuous

let

CPO?

<latexit sha1_base64="0eVAP1pPVndRR0pRSRwXSlriv/A=">AAAB/HicbVC7TsNAEDyHVwivACXNiQSJKrIRCMqINHQEiTxEYkXnyyaccj5bd2ukyApfQQsVHaLlXyj4F2zjAhKmGs3samfHC6UwaNufVmFpeWV1rbhe2tjc2t4p7+61TRBpDi0eyEB3PWZACgUtFCihG2pgvieh400aqd95AG1EoG5xGoLrs7ESI8EZJtJdo3ldHfS9AKuDcsWu2RnoInFyUiE5moPyV38Y8MgHhVwyY3qOHaIbM42CS5iV+pGBkPEJG0MvoYr5YNw4SzyjR5FhGNAQNBWSZiL83oiZb8zU95JJn+G9mfdS8T+vF+Howo2FCiMExdNDKCRkhwzXIqkC6FBoQGRpcqBCUc40QwQtKOM8EaOkm1LShzP//SJpn9Sc09rZzUmlfpk3UyQH5JAcE4eckzq5Ik3SIpwo8kSeyYv1aL1ab9b7z2jBynf2yR9YH98Wl5ST</latexit>

fix (f) ,
G

n2N
fn(?)

<latexit sha1_base64="HnLyZGK3SXMpAzIv9A+1RNJWA5A="></latexit>

1. fix (f)

<latexit sha1_base64="z/XIcMyaqmIiES6mc1q8PEyK7qE=">AAACA3icbVC7TsNAEDyHVwiPGChpTkRIoYlsFARlBA1lkMhDSqzofFmHU84P3a0RkZWSr6CFig7R8iEU/Au2cQEJU41mdrWz40ZSaLSsT6O0srq2vlHerGxt7+xWzb39rg5jxaHDQxmqvss0SBFABwVK6EcKmO9K6LnTq8zv3YPSIgxucRaB47NJIDzBGabSyKwOfYZ3AhNPPMzr3snIrFkNKwddJnZBaqRAe2R+Dcchj30IkEum9cC2InQSplBwCfPKMNYQMT5lExikNGA+aCfJg8/pcawZhjQCRYWkuQi/NxLmaz3z3XQyi6kXvUz8zxvE6F04iQiiGCHg2SEUEvJDmiuRNgJ0LBQgsiw5UBFQzhRDBCUo4zwV47SiStqHvfj9MumeNuxm4+ymWWtdFs2UySE5InVik3PSItekTTqEk5g8kWfyYjwar8ab8f4zWjKKnQPyB8bHN5Ycl6c=</latexit>

is a fix point of f

<latexit sha1_base64="H7mM6ob8NDgJ0va0bQzoeEJeSbg=">AAAB83icbVC7TsNAEDyHVwivACXNiQiJKrJREJQRNJSJRB5SYkXnyyaccj5bd3tIkZUvoIWKDtHyQRT8C7ZxAQlTjWZ2tbMTxFIYdN1Pp7S2vrG5Vd6u7Ozu7R9UD4+6JrKaQ4dHMtL9gBmQQkEHBUroxxpYGEjoBbPbzO89gjYiUvc4j8EP2VSJieAMU6k9GVVrbt3NQVeJV5AaKdAaVb+G44jbEBRyyYwZeG6MfsI0Ci5hURlaAzHjMzaFQUoVC8H4SR50Qc+sYRjRGDQVkuYi/N5IWGjMPAzSyZDhg1n2MvE/b2Bxcu0nQsUWQfHsEAoJ+SHDtUgbADoWGhBZlhyoUJQzzRBBC8o4T0WbVlJJ+/CWv18l3Yu616hfthu15k3RTJmckFNyTjxyRZrkjrRIh3AC5Ik8kxfHOq/Om/P+M1pyip1j8gfOxzdtE5F3</latexit>

2. fix (f)

<latexit sha1_base64="z/XIcMyaqmIiES6mc1q8PEyK7qE=">AAACA3icbVC7TsNAEDyHVwiPGChpTkRIoYlsFARlBA1lkMhDSqzofFmHU84P3a0RkZWSr6CFig7R8iEU/Au2cQEJU41mdrWz40ZSaLSsT6O0srq2vlHerGxt7+xWzb39rg5jxaHDQxmqvss0SBFABwVK6EcKmO9K6LnTq8zv3YPSIgxucRaB47NJIDzBGabSyKwOfYZ3AhNPPMzr3snIrFkNKwddJnZBaqRAe2R+Dcchj30IkEum9cC2InQSplBwCfPKMNYQMT5lExikNGA+aCfJg8/pcawZhjQCRYWkuQi/NxLmaz3z3XQyi6kXvUz8zxvE6F04iQiiGCHg2SEUEvJDmiuRNgJ0LBQgsiw5UBFQzhRDBCUo4zwV47SiStqHvfj9MumeNuxm4+ymWWtdFs2UySE5InVik3PSItekTTqEk5g8kWfyYjwar8ab8f4zWjKKnQPyB8bHN5Ycl6c=</latexit>

is the least fixpoint of f

<latexit sha1_base64="H7mM6ob8NDgJ0va0bQzoeEJeSbg=">AAAB83icbVC7TsNAEDyHVwivACXNiQiJKrJREJQRNJSJRB5SYkXnyyaccj5bd3tIkZUvoIWKDtHyQRT8C7ZxAQlTjWZ2tbMTxFIYdN1Pp7S2vrG5Vd6u7Ozu7R9UD4+6JrKaQ4dHMtL9gBmQQkEHBUroxxpYGEjoBbPbzO89gjYiUvc4j8EP2VSJieAMU6k9GVVrbt3NQVeJV5AaKdAaVb+G44jbEBRyyYwZeG6MfsI0Ci5hURlaAzHjMzaFQUoVC8H4SR50Qc+sYRjRGDQVkuYi/N5IWGjMPAzSyZDhg1n2MvE/b2Bxcu0nQsUWQfHsEAoJ+SHDtUgbADoWGhBZlhyoUJQzzRBBC8o4T0WbVlJJ+/CWv18l3Yu616hfthu15k3RTJmckFNyTjxyRZrkjrRIh3AC5Ik8kxfHOq/Om/P+M1pyip1j8gfOxzdtE5F3</latexit>

f(fix (f)) = fix (f)

<latexit sha1_base64="5W0MWGoa0CmBpBJJ7TQTgmBTrWg=">AAACGHicbVC7TsNAEDyHVwgvAyXNiYCUNJGNgqBBiqChDBJ5SEkUnS/rcOL80N0aEVn5AT6Br6CFig7R0lHwL9jGBSRMNZrZ1c6OE0qh0bI+jcLC4tLySnG1tLa+sbllbu+0dRApDi0eyEB1HaZBCh9aKFBCN1TAPEdCx7m9SP3OHSgtAv8aJyEMPDb2hSs4w0Qamgdupe8xvBEYu+J+WnGrVXpGZ6ShWbZqVgY6T+yclEmO5tD86o8CHnngI5dM655thTiImULBJUxL/UhDyPgtG0MvoT7zQA/i7JspPYw0w4CGoKiQNBPh90bMPK0nnpNMpjH1rJeK/3m9CN3TQSz8MELweXoIhYTskOZKJDUBHQkFiCxNDlT4lDPFEEEJyjhPxCjprZT0Yc9+P0/aRzW7Xju+qpcb53kzRbJH9kmF2OSENMglaZIW4eSBPJFn8mI8Gq/Gm/H+M1ow8p1d8gfGxzdaup+G</latexit>

if     is a fixpoint then            is smaller thand

<latexit sha1_base64="L/IFEk39pfiOfa0v7iaOjXqZOhU=">AAAB83icbVC7TsNAEDyHVwivACXNiQiJKrJREJQRNJSJRB5SYkXnyyaccj5bd3tIkZUvoIWKDtHyQRT8C7ZxAQlTjWZ2tbMTxFIYdN1Pp7S2vrG5Vd6u7Ozu7R9UD4+6JrKaQ4dHMtL9gBmQQkEHBUroxxpYGEjoBbPbzO89gjYiUvc4j8EP2VSJieAMU6k9HlVrbt3NQVeJV5AaKdAaVb+G44jbEBRyyYwZeG6MfsI0Ci5hURlaAzHjMzaFQUoVC8H4SR50Qc+sYRjRGDQVkuYi/N5IWGjMPAzSyZDhg1n2MvE/b2Bxcu0nQsUWQfHsEAoJ+SHDtUgbADoWGhBZlhyoUJQzzRBBC8o4T0WbVlJJ+/CWv18l3Yu616hfthu15k3RTJmckFNyTjxyRZrkjrRIh3AC5Ik8kxfHOq/Om/P+M1pyip1j8gfOxzdp9ZF1</latexit>

fix (f)

<latexit sha1_base64="z/XIcMyaqmIiES6mc1q8PEyK7qE=">AAACA3icbVC7TsNAEDyHVwiPGChpTkRIoYlsFARlBA1lkMhDSqzofFmHU84P3a0RkZWSr6CFig7R8iEU/Au2cQEJU41mdrWz40ZSaLSsT6O0srq2vlHerGxt7+xWzb39rg5jxaHDQxmqvss0SBFABwVK6EcKmO9K6LnTq8zv3YPSIgxucRaB47NJIDzBGabSyKwOfYZ3AhNPPMzr3snIrFkNKwddJnZBaqRAe2R+Dcchj30IkEum9cC2InQSplBwCfPKMNYQMT5lExikNGA+aCfJg8/pcawZhjQCRYWkuQi/NxLmaz3z3XQyi6kXvUz8zxvE6F04iQiiGCHg2SEUEvJDmiuRNgJ0LBQgsiw5UBFQzhRDBCUo4zwV47SiStqHvfj9MumeNuxm4+ymWWtdFs2UySE5InVik3PSItekTTqEk5g8kWfyYjwar8ab8f4zWjKKnQPyB8bHN5Ycl6c=</latexit>

d

<latexit sha1_base64="L/IFEk39pfiOfa0v7iaOjXqZOhU=">AAAB83icbVC7TsNAEDyHVwivACXNiQiJKrJREJQRNJSJRB5SYkXnyyaccj5bd3tIkZUvoIWKDtHyQRT8C7ZxAQlTjWZ2tbMTxFIYdN1Pp7S2vrG5Vd6u7Ozu7R9UD4+6JrKaQ4dHMtL9gBmQQkEHBUroxxpYGEjoBbPbzO89gjYiUvc4j8EP2VSJieAMU6k9HlVrbt3NQVeJV5AaKdAaVb+G44jbEBRyyYwZeG6MfsI0Ci5hURlaAzHjMzaFQUoVC8H4SR50Qc+sYRjRGDQVkuYi/N5IWGjMPAzSyZDhg1n2MvE/b2Bxcu0nQsUWQfHsEAoJ+SHDtUgbADoWGhBZlhyoUJQzzRBBC8o4T0WbVlJJ+/CWv18l3Yu616hfthu15k3RTJmckFNyTjxyRZrkjrRIh3AC5Ik8kxfHOq/Om/P+M1pyip1j8gfOxzdp9ZF1</latexit>

<latexit sha1_base64="NJNKkUyipJiPhx9ieAd7XqF3ZqU="></latexit>

8d 2 D. f(d) = d ) fix (f) v d
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Example
n = 2 · n

<latexit sha1_base64="obS0HZFLvX7PkA3TiL/5j0SWZm4=">AAAB/HicbVA9SwNBEN3zM8avqKXNYhCswl2IaCMEbSwjmA9MjjC3mcQle3vH7pwQQvwVtlrZia3/xcL/4iVeoYmverw3w7x5QaykJdf9dJaWV1bX1nMb+c2t7Z3dwt5+w0aJEVgXkYpMKwCLSmqskySFrdgghIHCZjC8mvrNBzRWRvqWRjH6IQy07EsBlEp3+qLcEb2IuO4Wim7JnYEvEi8jRZah1i18dXqRSELUJBRY2/bcmPwxGJJC4STfSSzGIIYwwHZKNYRo/fEs8YQfJxYo4jEaLhWfifh7YwyhtaMwSCdDoHs7703F/7x2Qv1zfyx1nBBqMT1EUuHskBVGplUg70mDRDBNjlxqLsAAERrJQYhUTNJu8mkf3vz3i6RRLnmV0ulNpVi9zJrJsUN2xE6Yx85YlV2zGqszwTR7Ys/sxXl0Xp035/1ndMnJdg7YHzgf34dhlNw=</latexit>

(N [ {1},)

<latexit sha1_base64="ILroAKqow+rb8b1NWl/RZwIHNFM=">AAACFHicbVC7SgNBFJ2NrxhfUUubwSBEkLArES2DNlYSwTwgG8Ls5CYOmZ1dZ+4KYdnWT/ArbLWyE1t7C//F3ZhCE091OOde7rnHC6UwaNufVm5hcWl5Jb9aWFvf2Nwqbu80TRBpDg0eyEC3PWZACgUNFCihHWpgvieh5Y0uMr91D9qIQN3gOISuz4ZKDARnmEq9Ii27PsNbz4uvEpdHoRu7Qg1w7CZH1JVwd9grluyKPQGdJ86UlMgU9V7xy+0HPPJBIZfMmI5jh9iNmUbBJSQFNzIQMj5iQ+ikVDEfTDeefJLQg8gwDGgImgpJJyL83oiZb8zY99LJLLaZ9TLxP68T4eCsGwsVRgiKZ4dQSJgcMlyLtCKgfaEBkWXJgQpFOdMMEbSgjPNUjNLOCmkfzuz386R5XHGqlZPraql2Pm0mT/bIPikTh5ySGrkkddIgnDyQJ/JMXqxH69V6s95/RnPWdGeX/IH18Q10t56d</latexit>

? = 0

<latexit sha1_base64="BWmc7IDu1QTpTCER/vfmuJrFwqM=">AAAB+nicbVC7TsNAEFyHVwivACXNiQiJKrIRCBqkCBrKIJGHlFjR+bIJp5wfulsjRSY/QQsVHaLlZyj4F2zjAhKmGs3samfHi5Q0ZNufVmlpeWV1rbxe2djc2t6p7u61TRhrgS0RqlB3PW5QyQBbJElhN9LIfU9hx5tcZ37nAbWRYXBH0whdn48DOZKCUyp1+15I7JLZg2rNrts52CJxClKDAs1B9as/DEXsY0BCcWN6jh2Rm3BNUiicVfqxwYiLCR9jL6UB99G4SZ53xo5iwylkEWomFctF/L2RcN+Yqe+lkz6nezPvZeJ/Xi+m0YWbyCCKCQORHSKpMD9khJZpEciGUiMRz5IjkwETXHMi1JJxIVIxTpuppH04898vkvZJ3Tmtn92e1hpXRTNlOIBDOAYHzqEBN9CEFghQ8ATP8GI9Wq/Wm/X+M1qyip19+APr4xtyX5Ol</latexit>

CPO?

<latexit sha1_base64="0eVAP1pPVndRR0pRSRwXSlriv/A=">AAAB/HicbVC7TsNAEDyHVwivACXNiQSJKrIRCMqINHQEiTxEYkXnyyaccj5bd2ukyApfQQsVHaLlXyj4F2zjAhKmGs3samfHC6UwaNufVmFpeWV1rbhe2tjc2t4p7+61TRBpDi0eyEB3PWZACgUtFCihG2pgvieh400aqd95AG1EoG5xGoLrs7ESI8EZJtJdo3ldHfS9AKuDcsWu2RnoInFyUiE5moPyV38Y8MgHhVwyY3qOHaIbM42CS5iV+pGBkPEJG0MvoYr5YNw4SzyjR5FhGNAQNBWSZiL83oiZb8zU95JJn+G9mfdS8T+vF+Howo2FCiMExdNDKCRkhwzXIqkC6FBoQGRpcqBCUc40QwQtKOM8EaOkm1LShzP//SJpn9Sc09rZzUmlfpk3UyQH5JAcE4eckzq5Ik3SIpwo8kSeyYv1aL1ab9b7z2jBynf2yR9YH98Wl5ST</latexit>

f(n) = 2 · n

<latexit sha1_base64="4sjXxTGECPcaPpZ5fulWVAjRm+0=">AAAB/3icbVC7TsNAEDzzDOEVoKQ5ESGFJrKjIGiQImgog0QeUmJF58smnHI+m7s1UmSl4CtooaJDtHwKBf+CbVxAwlSjmV3t7HihFAZt+9NaWl5ZXVsvbBQ3t7Z3dkt7+20TRJpDiwcy0F2PGZBCQQsFSuiGGpjvSeh4k6vU7zyANiJQtzgNwfXZWImR4AwTyR1V1MlFrc+HAVI1KJXtqp2BLhInJ2WSozkoffWHAY98UMglM6bn2CG6MdMouIRZsR8ZCBmfsDH0EqqYD8aNs9AzehwZhgENQVMhaSbC742Y+cZMfS+Z9BnemXkvFf/zehGOzt1YqDBCUDw9hEJCdshwLZI2gA6FBkSWJgcqFOVMM0TQgjLOEzFK6ikmfTjz3y+Sdq3q1KunN/Vy4zJvpkAOyRGpEIeckQa5Jk3SIpzckyfyTF6sR+vVerPef0aXrHzngPyB9fENHCCVsQ==</latexit>

monotone? ok
continuous? okf(1) = 1

<latexit sha1_base64="f/uR6cdovwkhXcJG7/r6czerQHA=">AAACBHicbVC7TsNAEDyHVwgvAyXNiQgpNJGNgqBBiqChDBJ5SIkVnS+bcMr5bN2tI0VRWr6CFio6RMt/UPAv2I4LCEyzo5ld7e74kRQGHefTKqysrq1vFDdLW9s7u3v2/kHLhLHm0OShDHXHZwakUNBEgRI6kQYW+BLa/vgm9dsT0EaE6h6nEXgBGykxFJxhIvVte1jpCTXE6enVovbtslN1MtC/xM1JmeRo9O2v3iDkcQAKuWTGdF0nQm/GNAouYV7qxQYixsdsBN2EKhaA8WbZ5XN6EhuGIY1AUyFpJsLPiRkLjJkGftIZMHwwy14q/ud1YxxeejOhohhB8XQRCgnZIsO1SCIBOhAaEFl6OVChKGeaIYIWlHGeiHGSUSnJw13+/i9pnVXdWvX8rlauX+fJFMkROSYV4pILUie3pEGahJMJeSLP5MV6tF6tN+t90Vqw8plD8gvWxzf3lZfY</latexit>

f0(0) = 0

<latexit sha1_base64="5+/LQlebEuJ+UOa+Uh6d3qsR2uU=">AAAB+nicbVC7TsNAEDyHVwivACXNiQgpNNEZBUGDFEFDGSTykBITnS+bcMr5obs1UmTyE7RQ0SFafoaCf8E2LiBhqtHMrnZ23FBJg4x9WoWl5ZXVteJ6aWNza3unvLvXNkGkBbREoALddbkBJX1ooUQF3VAD91wFHXdylfqdB9BGBv4tTkNwPD725UgKjonUHd2xKju+YINyhdVYBrpI7JxUSI7moPzVHwYi8sBHobgxPZuF6MRcoxQKZqV+ZCDkYsLH0Euozz0wTpzlndGjyHAMaAiaSkUzEX5vxNwzZuq5yaTH8d7Me6n4n9eLcHTuxNIPIwRfpIdQKsgOGaFlUgTQodSAyNPkQKVPBdccEbSkXIhEjJJmSkkf9vz3i6R9UrPrtdObeqVxmTdTJAfkkFSJTc5Ig1yTJmkRQRR5Is/kxXq0Xq036/1ntGDlO/vkD6yPb8fkkzk=</latexit>

f1(0) = f(0) = 2 · 0 = 0

<latexit sha1_base64="uba1MGIubkpuII1k88N69dlYofM=">AAACDnicbVDLSgNBEJyNrxhfq970MhiEeAm7IaKXQNCLxwjmAUkMs5NOHDL7YKZXCCHgJ/gVXvXkTbz6Cx78F2fXHDSxDk1R1U13lxdJodFxPq3M0vLK6lp2PbexubW9Y+/uNXQYKw51HspQtTymQYoA6ihQQitSwHxPQtMbXSZ+8x6UFmFwg+MIuj4bBmIgOEMj9eyDwa1bcE4qA1NohZY6vB8idQx1enbeKTop6CJxZyRPZqj17K9OP+SxDwFyybRuu06E3QlTKLiEaa4Ta4gYH7EhtA0NmA+6O0l/mNLjWDMMaQSKCklTEX5PTJiv9dj3TKfP8E7Pe4n4n9eOcXDenYggihECnixCISFdpLkSJhygfaEAkSWXAxUB5UwxRFCCMs6NGJu0ciYPd/77RdIoFd1y8fS6nK9ezJLJkkNyRArEJWekSq5IjdQJJw/kiTyTF+vRerXerPef1ow1m9knf2B9fAMHvZiI</latexit>

fixpoint reached!



8080

Example
(N [ {1},)

<latexit sha1_base64="ILroAKqow+rb8b1NWl/RZwIHNFM=">AAACFHicbVC7SgNBFJ2NrxhfUUubwSBEkLArES2DNlYSwTwgG8Ls5CYOmZ1dZ+4KYdnWT/ArbLWyE1t7C//F3ZhCE091OOde7rnHC6UwaNufVm5hcWl5Jb9aWFvf2Nwqbu80TRBpDg0eyEC3PWZACgUNFCihHWpgvieh5Y0uMr91D9qIQN3gOISuz4ZKDARnmEq9Ii27PsNbz4uvEpdHoRu7Qg1w7CZH1JVwd9grluyKPQGdJ86UlMgU9V7xy+0HPPJBIZfMmI5jh9iNmUbBJSQFNzIQMj5iQ+ikVDEfTDeefJLQg8gwDGgImgpJJyL83oiZb8zY99LJLLaZ9TLxP68T4eCsGwsVRgiKZ4dQSJgcMlyLtCKgfaEBkWXJgQpFOdMMEbSgjPNUjNLOCmkfzuz386R5XHGqlZPraql2Pm0mT/bIPikTh5ySGrkkddIgnDyQJ/JMXqxH69V6s95/RnPWdGeX/IH18Q10t56d</latexit>

? = 0

<latexit sha1_base64="BWmc7IDu1QTpTCER/vfmuJrFwqM=">AAAB+nicbVC7TsNAEFyHVwivACXNiQiJKrIRCBqkCBrKIJGHlFjR+bIJp5wfulsjRSY/QQsVHaLlZyj4F2zjAhKmGs3samfHi5Q0ZNufVmlpeWV1rbxe2djc2t6p7u61TRhrgS0RqlB3PW5QyQBbJElhN9LIfU9hx5tcZ37nAbWRYXBH0whdn48DOZKCUyp1+15I7JLZg2rNrts52CJxClKDAs1B9as/DEXsY0BCcWN6jh2Rm3BNUiicVfqxwYiLCR9jL6UB99G4SZ53xo5iwylkEWomFctF/L2RcN+Yqe+lkz6nezPvZeJ/Xi+m0YWbyCCKCQORHSKpMD9khJZpEciGUiMRz5IjkwETXHMi1JJxIVIxTpuppH04898vkvZJ3Tmtn92e1hpXRTNlOIBDOAYHzqEBN9CEFghQ8ATP8GI9Wq/Wm/X+M1qyip19+APr4xtyX5Ol</latexit>

CPO?

<latexit sha1_base64="0eVAP1pPVndRR0pRSRwXSlriv/A=">AAAB/HicbVC7TsNAEDyHVwivACXNiQSJKrIRCMqINHQEiTxEYkXnyyaccj5bd2ukyApfQQsVHaLlXyj4F2zjAhKmGs3samfHC6UwaNufVmFpeWV1rbhe2tjc2t4p7+61TRBpDi0eyEB3PWZACgUtFCihG2pgvieh400aqd95AG1EoG5xGoLrs7ESI8EZJtJdo3ldHfS9AKuDcsWu2RnoInFyUiE5moPyV38Y8MgHhVwyY3qOHaIbM42CS5iV+pGBkPEJG0MvoYr5YNw4SzyjR5FhGNAQNBWSZiL83oiZb8zU95JJn+G9mfdS8T+vF+Howo2FCiMExdNDKCRkhwzXIqkC6FBoQGRpcqBCUc40QwQtKOM8EaOkm1LShzP//SJpn9Sc09rZzUmlfpk3UyQH5JAcE4eckzq5Ik3SIpwo8kSeyYv1aL1ab9b7z2jBynf2yR9YH98Wl5ST</latexit>

monotone? ok
continuous? ok

f0(0) = 0

<latexit sha1_base64="5+/LQlebEuJ+UOa+Uh6d3qsR2uU=">AAAB+nicbVC7TsNAEDyHVwivACXNiQgpNNEZBUGDFEFDGSTykBITnS+bcMr5obs1UmTyE7RQ0SFafoaCf8E2LiBhqtHMrnZ23FBJg4x9WoWl5ZXVteJ6aWNza3unvLvXNkGkBbREoALddbkBJX1ooUQF3VAD91wFHXdylfqdB9BGBv4tTkNwPD725UgKjonUHd2xKju+YINyhdVYBrpI7JxUSI7moPzVHwYi8sBHobgxPZuF6MRcoxQKZqV+ZCDkYsLH0Euozz0wTpzlndGjyHAMaAiaSkUzEX5vxNwzZuq5yaTH8d7Me6n4n9eLcHTuxNIPIwRfpIdQKsgOGaFlUgTQodSAyNPkQKVPBdccEbSkXIhEjJJmSkkf9vz3i6R9UrPrtdObeqVxmTdTJAfkkFSJTc5Ig1yTJmkRQRR5Is/kxXq0Xq036/1ntGDlO/vkD6yPb8fkkzk=</latexit>

n = n+ 1

<latexit sha1_base64="GuqRKAacrBTXzwo4ei2cIP4V2p4=">AAAB93icbVDLSgNBEOyNrxhfUY9eBoMgCGFXInoRgl48RjAPSJYwO+nEIbOzy0yvEJZ8g1c9eROvfo4H/8VN3ING61RUddPVFcRKWnLdD6ewtLyyulZcL21sbm3vlHf3WjZKjMCmiFRkOgG3qKTGJklS2IkN8jBQ2A7G1zO//YDGykjf0SRGP+QjLYdScMqkpr7UJ16/XHGr7hzsL/FyUoEcjX75szeIRBKiJqG4tV3PjclPuSEpFE5LvcRizMWYj7CbUc1DtH46DztlR4nlFLEYDZOKzUX8uZHy0NpJGGSTIad7u+jNxP+8bkLDCz+VOk4ItZgdIqlwfsgKI7MWkA2kQSI+S45Maia44URoJONCZGKS1VLK+vAWv/9LWqdVr1Y9u61V6ld5M0U4gEM4Bg/OoQ430IAmCJDwCE/w7EycF+fVefseLTj5zj78gvP+BarQkq4=</latexit>

f(n) = n+ 1

<latexit sha1_base64="i3fmHNqc9rcVjCtvGMfz6wS1kIg=">AAAB+nicbVDLSsNAFJ3UV62vqks3g0WoCCWRim6EohuXFewD2lAm09s6dDIJMzdCif0Jt7pyJ279GRf+i0nMQlvP6nDOvdxzjxdKYdC2P63C0vLK6lpxvbSxubW9U97da5sg0hxaPJCB7nrMgBQKWihQQjfUwHxPQsebXKd+5wG0EYG6w2kIrs/GSowEZ5hI3VFVHV+qE2dQrtg1OwNdJE5OKiRHc1D+6g8DHvmgkEtmTM+xQ3RjplFwCbNSPzIQMj5hY+glVDEfjBtneWf0KDIMAxqCpkLSTITfGzHzjZn6XjLpM7w3814q/uf1IhxduLFQYYSgeHoIhYTskOFaJEUAHQoNiCxNDlQoyplmiKAFZZwnYpQ0U0r6cOa/XyTt05pTr53d1iuNq7yZIjkgh6RKHHJOGuSGNEmLcCLJE3kmL9aj9Wq9We8/owUr39knf2B9fAM73pOD</latexit>

f1(0) = f(0) = 0 + 1 = 1

<latexit sha1_base64="MEm2snpLwcGgoPPlDqWWR/DT/50=">AAACCXicbVDLSgNBEJz1GeNrVTx5GQxCRAi7EtFLIOjFYwTzgGQNs5NOHDL7YKZXCEu+wK/wqidv4tWv8OC/OIl70MQ6NEVVN91dfiyFRsf5tBYWl5ZXVnNr+fWNza1te2e3oaNEcajzSEaq5TMNUoRQR4ESWrECFvgSmv7wauI3H0BpEYW3OIrBC9ggFH3BGRqpa+/379yic1zpm0Ir1DlxTXW7dsEpOVPQeeJmpEAy1Lr2V6cX8SSAELlkWrddJ0YvZQoFlzDOdxINMeNDNoC2oSELQHvp9PwxPUo0w4jGoKiQdCrC74mUBVqPAt90Bgzv9aw3Ef/z2gn2L7xUhHGCEPLJIhQSpos0V8LkArQnFCCyyeVARUg5UwwRlKCMcyMmJqi8ycOd/X6eNE5Lbrl0dlMuVC+zZHLkgBySInHJOamSa1IjdcJJSp7IM3mxHq1X6816/2ldsLKZPfIH1sc3FviWWw==</latexit>

f2(0) = f(f1(0)) = f(1) = 1 + 1 = 2

<latexit sha1_base64="I96GkFap3hyhj8demh5aUpfJKVg=">AAACFXicbVC7SgNBFJ31GeMramkzGoQVIeyEiDaBoI1lBJMIySbMjnd1yOyDmbuCBGs/wa+w1cpObK0t/BdnYwpfp5g5nHMv994TpEoa9Lx3Z2p6ZnZuvrBQXFxaXlktra23TZJpAS2RqESfB9yAkjG0UKKC81QDjwIFnWB4nPuda9BGJvEZ3qTgR/wylqEUHK00KG2F/arr7dZDN+wzS3ZpnYYuyz+2x+xbHZTKXsUbg/4lbELKZILmoPTRu0hEFkGMQnFjusxL0R9xjVIouC32MgMpF0N+CV1LYx6B8UfjU27pTmY4JjQFTaWiYxG+d4x4ZMxNFNjKiOOV+e3l4n9eN8Pw0B/JOM0QYpEPQqlgPMgILW1GQC+kBkSebw5UxlRwzRFBS8qFsGJmQyvaPNjv6/+SdrXCapX901q5cTRJpkA2yTZxCSMHpEFOSJO0iCB35IE8kifn3nl2XpzXr9IpZ9KzQX7AefsETrqZgQ==</latexit>

f3(0) = f(f2(0)) = f(2) = 2 + 1 = 3

<latexit sha1_base64="OwaPxQYRFh4X3fL+MuLp3v12Fgs=">AAACFXicbVC7SsRAFJ34dn1FLW1GFyGLsCSroo0g2lgquLqwG5fJ7I0OO3kwcyNIsPYT/ApbrezE1trCf3ESU/g6xczhnHu5954glUKj675bI6Nj4xOTU9O1mdm5+QV7celMJ5ni0OaJTFQnYBqkiKGNAiV0UgUsCiScB8PDwj+/BqVFEp/iTQp+xC5jEQrO0Eh9ezW82HTcxl7ohBctQxp0j4ZOq/haG555N/t23W26Jehf4lWkTioc9+2P3iDhWQQxcsm07npuin7OFAou4bbWyzSkjA/ZJXQNjVkE2s/LU27peqYZJjQFRYWkpQjfO3IWaX0TBaYyYnilf3uF+J/XzTDc9XMRpxlCzItBKCSUgzRXwmQEdCAUILJic6AippwphghKUMa5ETMTWs3k4f2+/i85azW9reb2yVZ9/6BKZoqskDXiEI/skH1yRI5Jm3ByRx7II3my7q1n68V6/SodsaqeZfID1tsnVsmZhg==</latexit>

G

n2N
fn(0) =

G

n2N
n = 1

<latexit sha1_base64="8KJB1rIgA3XXfU+TwKbBkqDY4RY="></latexit>

fixpoint

f(1) = 1

<latexit sha1_base64="f/uR6cdovwkhXcJG7/r6czerQHA=">AAACBHicbVC7TsNAEDyHVwgvAyXNiQgpNJGNgqBBiqChDBJ5SIkVnS+bcMr5bN2tI0VRWr6CFio6RMt/UPAv2I4LCEyzo5ld7e74kRQGHefTKqysrq1vFDdLW9s7u3v2/kHLhLHm0OShDHXHZwakUNBEgRI6kQYW+BLa/vgm9dsT0EaE6h6nEXgBGykxFJxhIvVte1jpCTXE6enVovbtslN1MtC/xM1JmeRo9O2v3iDkcQAKuWTGdF0nQm/GNAouYV7qxQYixsdsBN2EKhaA8WbZ5XN6EhuGIY1AUyFpJsLPiRkLjJkGftIZMHwwy14q/ud1YxxeejOhohhB8XQRCgnZIsO1SCIBOhAaEFl6OVChKGeaIYIWlHGeiHGSUSnJw13+/i9pnVXdWvX8rlauX+fJFMkROSYV4pILUie3pEGahJMJeSLP5MV6tF6tN+t90Vqw8plD8gvWxzf3lZfY</latexit>
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Example
CPO?

<latexit sha1_base64="0eVAP1pPVndRR0pRSRwXSlriv/A=">AAAB/HicbVC7TsNAEDyHVwivACXNiQSJKrIRCMqINHQEiTxEYkXnyyaccj5bd2ukyApfQQsVHaLlXyj4F2zjAhKmGs3samfHC6UwaNufVmFpeWV1rbhe2tjc2t4p7+61TRBpDi0eyEB3PWZACgUtFCihG2pgvieh400aqd95AG1EoG5xGoLrs7ESI8EZJtJdo3ldHfS9AKuDcsWu2RnoInFyUiE5moPyV38Y8MgHhVwyY3qOHaIbM42CS5iV+pGBkPEJG0MvoYr5YNw4SzyjR5FhGNAQNBWSZiL83oiZb8zU95JJn+G9mfdS8T+vF+Howo2FCiMExdNDKCRkhwzXIqkC6FBoQGRpcqBCUc40QwQtKOM8EaOkm1LShzP//SJpn9Sc09rZzUmlfpk3UyQH5JAcE4eckzq5Ik3SIpwo8kSeyYv1aL1ab9b7z2jBynf2yR9YH98Wl5ST</latexit>

monotone? ok
continuous? ok

X = X \ {1}

<latexit sha1_base64="lwmZNCMCAsMV+BxUdkGmeIJrLSk=">AAACBHicbVC7SgNBFJ2Nrxhfq5Y2g0GwCrsS0UYI2lhGMA/IhnB3chOHzD6YuRsIS1q/wlYrO7H1Pyz8FzdrCk081eGce7nnHj9W0pDjfFqFldW19Y3iZmlre2d3z94/aJoo0QIbIlKRbvtgUMkQGyRJYTvWCIGvsOWPbmZ+a4zayCi8p0mM3QCGoRxIAZRJPdtu8yve5p6AmHup6017dtmpODn4MnHnpMzmqPfsL68fiSTAkIQCYzquE1M3BU1SKJyWvMRgDGIEQ+xkNIQATTfNk0/5SWKAIh6j5lLxXMTfGykExkwCP5sMgB7MojcT//M6CQ0uu6kM44QwFLNDJBXmh4zQMqsEeV9qJIJZcuQy5AI0EKGWHITIxCTrqJT14S5+v0yaZxW3Wjm/q5Zr1/NmiuyIHbNT5rILVmO3rM4aTLAxe2LP7MV6tF6tN+v9Z7RgzXcO2R9YH98pEJa2</latexit>

(}(N),✓)

<latexit sha1_base64="73MjE/t9eL0Ys4PhytOT8QZs9wc=">AAACD3icbVC7SgNBFJ2NrxhfUcs0g0FIQMKuRLQM2lhJBPOA7BJmJzdxcPbhzF0lLCn8BL/CVis7sfUTLPwXd+MWmniqwzn3cs89biiFRtP8NHILi0vLK/nVwtr6xuZWcXunrYNIcWjxQAaq6zINUvjQQoESuqEC5rkSOu7NWep37kBpEfhXOA7B8djIF0PBGSZSv1iq2PdhxfYYXrtufDGpHtg6cjUg3Fb7xbJZM6eg88TKSJlkaPaLX/Yg4JEHPnLJtO5ZZohOzBQKLmFSsCMNIeM3bAS9hPrMA+3E0ycmdD/SDAMagqJC0qkIvzdi5mk99txkMk2rZ71U/M/rRTg8cWLhhxGCz9NDKCRMD2muRNIO0IFQgMjS5ECFTzlTDBGUoIzzRIySugpJH9bs9/OkfViz6rWjy3q5cZo1kyclskcqxCLHpEHOSZO0CCcP5Ik8kxfj0Xg13oz3n9Gcke3skj8wPr4B/VScLw==</latexit>

? = ;

<latexit sha1_base64="9Yv7WLjVzqT7IzUOEWCCRLPEr/g=">AAACBHicbVC7TsNAEDyHVwgvAyXNiQiJKrJREDRIETSUQSIPKbai82UTTjnbp7t1pChKy1fQQkWHaPkPCv4F27iAhKlGM7va2QmUFAYd59MqrayurW+UNytb2zu7e/b+QdvEiebQ4rGMdTdgBqSIoIUCJXSVBhYGEjrB+CbzOxPQRsTRPU4V+CEbRWIoOMNU6tu2F8RIr6gHocKpAezbVafm5KDLxC1IlRRo9u0vbxDzJIQIuWTG9FxHoT9jGgWXMK94iQHF+JiNoJfSiIVg/FmefE5PEsMwpgo0FZLmIvzemLHQmGkYpJMhwwez6GXif14vweGlPxORShAinh1CISE/ZLgWaSVAB0IDIsuSAxUR5UwzRNCCMs5TMUk7qqR9uIvfL5P2Wc2t187v6tXGddFMmRyRY3JKXHJBGuSWNEmLcDIhT+SZvFiP1qv1Zr3/jJasYueQ/IH18Q3lMZfN</latexit>

f(X) = X \ {1}

<latexit sha1_base64="hq6jysJXpEwLH/G4hrWTyfN1KRk=">AAACBnicbVC7TgJBFJ31ifhCLG0mEhNsyK7BaGNCtLHERB4JS8jd4YITZh+ZuWskG3q/wlYrO2Prb1j4L+4ihYKnOjnn3txzjxcpaci2P62l5ZXVtfXcRn5za3tnt7BXbJow1gIbIlShbntgUMkAGyRJYTvSCL6nsOWNrjK/dY/ayDC4pXGEXR+GgRxIAZRKvUJxUG4f8wvedgVE3E0cd9IrlOyKPQVfJM6MlNgM9V7hy+2HIvYxIKHAmI5jR9RNQJMUCid5NzYYgRjBEDspDcBH002m2Sf8KDZAIY9Qc6n4VMTfGwn4xox9L530ge7MvJeJ/3mdmAbn3UQGUUwYiOwQSYXTQ0ZomZaCvC81EkGWHLkMuAANRKglByFSMU5byqd9OPPfL5LmScWpVk5vqqXa5ayZHDtgh6zMHHbGauya1VmDCfbAntgze7EerVfrzXr/GV2yZjv77A+sj29oQZdh</latexit>

f0(;) = ;

<latexit sha1_base64="Ij+H53hw3nIWr4ocr57Hx2Ajb9c=">AAACDnicbVDLSgNBEJyNrxhfq970MhiEeAm7EtGLEPTiMYJ5QLKG2UknDpl9MNMrhCXgJ/gVXvXkTbz6Cx78F3fXRTRap+qqbrq73FAKjZb1bhTm5hcWl4rLpZXVtfUNc3OrpYNIcWjyQAaq4zINUvjQRIESOqEC5rkS2u74PPXbt6C0CPwrnITgeGzki6HgDBOpb+4Mr61KD7wQJxrwgJ7S76Jvlq2qlYH+JXZOyiRHo29+9AYBjzzwkUumdde2QnRiplBwCdNSL9IQMj5mI+gm1GceaCfOfpjS/UgzDGgIigpJMxF+TsTM03riuUmnx/BGz3qp+J/XjXB44sTCDyMEn6eLUEjIFmmuRBIO0IFQgMjSy4EKn3KmGCIoQRnniRglaZWSPOzZ7/+S1mHVrlWPLmvl+lmeTJHskj1SITY5JnVyQRqkSTi5Iw/kkTwZ98az8WK8frUWjHxmm/yC8fYJDeGbrA==</latexit>

fixpoint reached!

f1(;) = f(;) = ; \ {1} = ;

<latexit sha1_base64="HyT2/VNcrj8cUV3eoduISC8IGlc=">AAACNHicbVDLSgNBEJyN7/iKevQyGAS9hF2J6EUIevGoYB6QjaF37OiQ2d1hplcIS37HT/ArvCoIehKvfoObNYhR61Rd1U13V6CVtOS6z05hanpmdm5+obi4tLyyWlpbb9g4MQLrIlaxaQVgUckI6yRJYUsbhDBQ2Az6JyO/eYvGyji6oIHGTgjXkexJAZRJ3VKtd+nt+BhqGlikXX7Ee5Pld8F9AZr7qecPf8rdUtmtuDn4X+KNSZmNcdYtvfpXsUhCjEgosLbtuZo6KRiSQuGw6CcWNYg+XGM7oxGEaDtp/umQbycWKOYaDZeK5yL+nEghtHYQBllnCHRjf3sj8T+vnVDvsJPKSCeEkRgtIqkwX2SFkVmEyK+kQSIYXY5cRlyAASI0koMQmZhkmRazPLzf3/8ljb2KV63sn1fLteNxMvNsk22xHeaxA1Zjp+yM1Zlgd+yBPbIn5955cd6c96/WgjOe2WATcD4+AUCsqjk=</latexit>
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Example
CPO?

<latexit sha1_base64="0eVAP1pPVndRR0pRSRwXSlriv/A=">AAAB/HicbVC7TsNAEDyHVwivACXNiQSJKrIRCMqINHQEiTxEYkXnyyaccj5bd2ukyApfQQsVHaLlXyj4F2zjAhKmGs3samfHC6UwaNufVmFpeWV1rbhe2tjc2t4p7+61TRBpDi0eyEB3PWZACgUtFCihG2pgvieh400aqd95AG1EoG5xGoLrs7ESI8EZJtJdo3ldHfS9AKuDcsWu2RnoInFyUiE5moPyV38Y8MgHhVwyY3qOHaIbM42CS5iV+pGBkPEJG0MvoYr5YNw4SzyjR5FhGNAQNBWSZiL83oiZb8zU95JJn+G9mfdS8T+vF+Howo2FCiMExdNDKCRkhwzXIqkC6FBoQGRpcqBCUc40QwQtKOM8EaOkm1LShzP//SJpn9Sc09rZzUmlfpk3UyQH5JAcE4eckzq5Ik3SIpwo8kSeyYv1aL1ab9b7z2jBynf2yR9YH98Wl5ST</latexit>

monotone? NO

(}(N),✓)

<latexit sha1_base64="73MjE/t9eL0Ys4PhytOT8QZs9wc=">AAACD3icbVC7SgNBFJ2NrxhfUcs0g0FIQMKuRLQM2lhJBPOA7BJmJzdxcPbhzF0lLCn8BL/CVis7sfUTLPwXd+MWmniqwzn3cs89biiFRtP8NHILi0vLK/nVwtr6xuZWcXunrYNIcWjxQAaq6zINUvjQQoESuqEC5rkSOu7NWep37kBpEfhXOA7B8djIF0PBGSZSv1iq2PdhxfYYXrtufDGpHtg6cjUg3Fb7xbJZM6eg88TKSJlkaPaLX/Yg4JEHPnLJtO5ZZohOzBQKLmFSsCMNIeM3bAS9hPrMA+3E0ycmdD/SDAMagqJC0qkIvzdi5mk99txkMk2rZ71U/M/rRTg8cWLhhxGCz9NDKCRMD2muRNIO0IFQgMjS5ECFTzlTDBGUoIzzRIySugpJH9bs9/OkfViz6rWjy3q5cZo1kyclskcqxCLHpEHOSZO0CCcP5Ik8kxfj0Xg13oz3n9Gcke3skj8wPr4B/VScLw==</latexit>

? = ;

<latexit sha1_base64="9Yv7WLjVzqT7IzUOEWCCRLPEr/g=">AAACBHicbVC7TsNAEDyHVwgvAyXNiQiJKrJREDRIETSUQSIPKbai82UTTjnbp7t1pChKy1fQQkWHaPkPCv4F27iAhKlGM7va2QmUFAYd59MqrayurW+UNytb2zu7e/b+QdvEiebQ4rGMdTdgBqSIoIUCJXSVBhYGEjrB+CbzOxPQRsTRPU4V+CEbRWIoOMNU6tu2F8RIr6gHocKpAezbVafm5KDLxC1IlRRo9u0vbxDzJIQIuWTG9FxHoT9jGgWXMK94iQHF+JiNoJfSiIVg/FmefE5PEsMwpgo0FZLmIvzemLHQmGkYpJMhwwez6GXif14vweGlPxORShAinh1CISE/ZLgWaSVAB0IDIsuSAxUR5UwzRNCCMs5TMUk7qqR9uIvfL5P2Wc2t187v6tXGddFMmRyRY3JKXHJBGuSWNEmLcDIhT+SZvFiP1qv1Zr3/jJasYueQ/IH18Q3lMZfN</latexit>

X = N \X

<latexit sha1_base64="A4IIF9gv1oRDrtVjq6fiFCdeBbw=">AAACDXicbVDLSsNAFJ3UV62vqCtxM1gEVyWRim6EohtXUsE+oCllMr2tQyeTMHMjlFD8BL/Cra7ciVu/wYX/YhK70NazOpxzL/fc40dSGHScT6uwsLi0vFJcLa2tb2xu2ds7TRPGmkODhzLUbZ8ZkEJBAwVKaEcaWOBLaPmjy8xv3YM2IlS3OI6gG7ChEgPBGaZSz95r03PqBQzvfD+5nngGMBAqNrTds8tOxclB54k7JWUyRb1nf3n9kMcBKOSSGdNxnQi7CdMouIRJyYsNRIyP2BA6KVUsANNN8hcm9DA2DEMagaZC0lyE3xsJC4wZB346mYU1s14m/ud1YhycdROhohhB8ewQCgn5IcO1SLsB2hcaEFmWHKhQlDPNEEELyjhPxTgtq5T24c5+P0+axxW3Wjm5qZZrF9NmimSfHJAj4pJTUiNXpE4ahJMH8kSeyYv1aL1ab9b7z2jBmu7skj+wPr4BfbCbYw==</latexit>

f(X) = N \X

<latexit sha1_base64="KGfDwuEMffxb3n1oVnnXw5wKIWw=">AAACEHicbVC7SgNBFJ2NrxhfUUstBoMQm7ArEW2EoI2VRDAPyIYwO7mJQ2Znl5m7QljS+Al+ha1WdmLrH1j4L+7GLTTxVIdz7uWee7xQCoO2/WnlFhaXllfyq4W19Y3NreL2TtMEkebQ4IEMdNtjBqRQ0ECBEtqhBuZ7Elre6DL1W/egjQjULY5D6PpsqMRAcIaJ1CvuD8rtI3pOXZ/hnefF1xPXAPpCRYa2e8WSXbGnoPPEyUiJZKj3il9uP+CRDwq5ZMZ0HDvEbsw0Ci5hUnAjAyHjIzaETkIV88F04+kXE3oYGYYBDUFTIelUhN8bMfONGfteMpmGNbNeKv7ndSIcnHVjocIIQfH0EAoJ00OGa5HUA7QvNCCyNDlQoShnmiGCFpRxnohR0lch6cOZ/X6eNI8rTrVyclMt1S6yZvJkjxyQMnHIKamRK1InDcLJA3kiz+TFerRerTfr/Wc0Z2U7u+QPrI9vHcmcOA==</latexit>

the larger     the smallerX

<latexit sha1_base64="hhkF9c1syjKFXOqeXKDM99v9J6U=">AAAB83icbVC7TsNAEDyHVwivACXNiQiJKrJREJQRNJSJRB5SYkXnyyaccj5bd3tIkZUvoIWKDtHyQRT8C7ZxAQlTjWZ2tbMTxFIYdN1Pp7S2vrG5Vd6u7Ozu7R9UD4+6JrKaQ4dHMtL9gBmQQkEHBUroxxpYGEjoBbPbzO89gjYiUvc4j8EP2VSJieAMU6ndH1Vrbt3NQVeJV5AaKdAaVb+G44jbEBRyyYwZeG6MfsI0Ci5hURlaAzHjMzaFQUoVC8H4SR50Qc+sYRjRGDQVkuYi/N5IWGjMPAzSyZDhg1n2MvE/b2Bxcu0nQsUWQfHsEAoJ+SHDtUgbADoWGhBZlhyoUJQzzRBBC8o4T0WbVlJJ+/CWv18l3Yu616hfthu15k3RTJmckFNyTjxyRZrkjrRIh3AC5Ik8kxfHOq/Om/P+M1pyip1j8gfOxzdXQZFp</latexit>

f(X)

<latexit sha1_base64="Hw2MOKozOd4MzqqZsVK/hLwO36E=">AAAB9nicbVC7TsNAEDzzDOEVoKQ5ESGFJrJREJQRNJRBIg8psaL1ZZOccn7obo2IovwCLVR0iJbfoeBfsI0LSJhqNLOrnR0vUtKQbX9aK6tr6xubha3i9s7u3n7p4LBlwlgLbIpQhbrjgUElA2ySJIWdSCP4nsK2N7lJ/fYDaiPD4J6mEbo+jAI5lAIolYaVzlm/VLardga+TJyclFmORr/01RuEIvYxIKHAmK5jR+TOQJMUCufFXmwwAjGBEXYTGoCPxp1lWef8NDZAIY9Qc6l4JuLvjRn4xkx9L5n0gcZm0UvF/7xuTMMrdyaDKCYMRHqIpMLskBFaJiUgH0iNRJAmRy4DLkADEWrJQYhEjJNWikkfzuL3y6R1XnVq1Yu7Wrl+nTdTYMfshFWYwy5Znd2yBmsywcbsiT2zF+vRerXerPef0RUr3zlif2B9fAPlNpI+</latexit>

f1(;) = f(;) = N \ ; = N

<latexit sha1_base64="54GpatRooh5zUk0fKL9UZ6XPJ4Y="></latexit>

f0(;) = ;

<latexit sha1_base64="Ij+H53hw3nIWr4ocr57Hx2Ajb9c=">AAACDnicbVDLSgNBEJyNrxhfq970MhiEeAm7EtGLEPTiMYJ5QLKG2UknDpl9MNMrhCXgJ/gVXvXkTbz6Cx78F3fXRTRap+qqbrq73FAKjZb1bhTm5hcWl4rLpZXVtfUNc3OrpYNIcWjyQAaq4zINUvjQRIESOqEC5rkS2u74PPXbt6C0CPwrnITgeGzki6HgDBOpb+4Mr61KD7wQJxrwgJ7S76Jvlq2qlYH+JXZOyiRHo29+9AYBjzzwkUumdde2QnRiplBwCdNSL9IQMj5mI+gm1GceaCfOfpjS/UgzDGgIigpJMxF+TsTM03riuUmnx/BGz3qp+J/XjXB44sTCDyMEn6eLUEjIFmmuRBIO0IFQgMjSy4EKn3KmGCIoQRnniRglaZWSPOzZ7/+S1mHVrlWPLmvl+lmeTJHskj1SITY5JnVyQRqkSTi5Iw/kkTwZ98az8WK8frUWjHxmm/yC8fYJDeGbrA==</latexit>

f2(;) = f(f1(;)) = f(N) = N \ N = ;

<latexit sha1_base64="wzIlEcihV3PAEboZ7T1W0obh3ww="></latexit>

not a chain!
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Example
CPO?

<latexit sha1_base64="0eVAP1pPVndRR0pRSRwXSlriv/A=">AAAB/HicbVC7TsNAEDyHVwivACXNiQSJKrIRCMqINHQEiTxEYkXnyyaccj5bd2ukyApfQQsVHaLlXyj4F2zjAhKmGs3samfHC6UwaNufVmFpeWV1rbhe2tjc2t4p7+61TRBpDi0eyEB3PWZACgUtFCihG2pgvieh400aqd95AG1EoG5xGoLrs7ESI8EZJtJdo3ldHfS9AKuDcsWu2RnoInFyUiE5moPyV38Y8MgHhVwyY3qOHaIbM42CS5iV+pGBkPEJG0MvoYr5YNw4SzyjR5FhGNAQNBWSZiL83oiZb8zU95JJn+G9mfdS8T+vF+Howo2FCiMExdNDKCRkhwzXIqkC6FBoQGRpcqBCUc40QwQtKOM8EaOkm1LShzP//SJpn9Sc09rZzUmlfpk3UyQH5JAcE4eckzq5Ik3SIpwo8kSeyYv1aL1ab9b7z2jBynf2yR9YH98Wl5ST</latexit>

monotone? ok
continuous? ok

(}(N),✓)

<latexit sha1_base64="73MjE/t9eL0Ys4PhytOT8QZs9wc=">AAACD3icbVC7SgNBFJ2NrxhfUcs0g0FIQMKuRLQM2lhJBPOA7BJmJzdxcPbhzF0lLCn8BL/CVis7sfUTLPwXd+MWmniqwzn3cs89biiFRtP8NHILi0vLK/nVwtr6xuZWcXunrYNIcWjxQAaq6zINUvjQQoESuqEC5rkSOu7NWep37kBpEfhXOA7B8djIF0PBGSZSv1iq2PdhxfYYXrtufDGpHtg6cjUg3Fb7xbJZM6eg88TKSJlkaPaLX/Yg4JEHPnLJtO5ZZohOzBQKLmFSsCMNIeM3bAS9hPrMA+3E0ycmdD/SDAMagqJC0qkIvzdi5mk99txkMk2rZ71U/M/rRTg8cWLhhxGCz9NDKCRMD2muRNIO0IFQgMjS5ECFTzlTDBGUoIzzRIySugpJH9bs9/OkfViz6rWjy3q5cZo1kyclskcqxCLHpEHOSZO0CCcP5Ik8kxfj0Xg13oz3n9Gcke3skj8wPr4B/VScLw==</latexit>

? = ;

<latexit sha1_base64="9Yv7WLjVzqT7IzUOEWCCRLPEr/g=">AAACBHicbVC7TsNAEDyHVwgvAyXNiQiJKrJREDRIETSUQSIPKbai82UTTjnbp7t1pChKy1fQQkWHaPkPCv4F27iAhKlGM7va2QmUFAYd59MqrayurW+UNytb2zu7e/b+QdvEiebQ4rGMdTdgBqSIoIUCJXSVBhYGEjrB+CbzOxPQRsTRPU4V+CEbRWIoOMNU6tu2F8RIr6gHocKpAezbVafm5KDLxC1IlRRo9u0vbxDzJIQIuWTG9FxHoT9jGgWXMK94iQHF+JiNoJfSiIVg/FmefE5PEsMwpgo0FZLmIvzemLHQmGkYpJMhwwez6GXif14vweGlPxORShAinh1CISE/ZLgWaSVAB0IDIsuSAxUR5UwzRNCCMs5TMUk7qqR9uIvfL5P2Wc2t187v6tXGddFMmRyRY3JKXHJBGuSWNEmLcDIhT+SZvFiP1qv1Zr3/jJasYueQ/IH18Q3lMZfN</latexit>

f0(;) = ;

<latexit sha1_base64="Ij+H53hw3nIWr4ocr57Hx2Ajb9c=">AAACDnicbVDLSgNBEJyNrxhfq970MhiEeAm7EtGLEPTiMYJ5QLKG2UknDpl9MNMrhCXgJ/gVXvXkTbz6Cx78F3fXRTRap+qqbrq73FAKjZb1bhTm5hcWl4rLpZXVtfUNc3OrpYNIcWjyQAaq4zINUvjQRIESOqEC5rkS2u74PPXbt6C0CPwrnITgeGzki6HgDBOpb+4Mr61KD7wQJxrwgJ7S76Jvlq2qlYH+JXZOyiRHo29+9AYBjzzwkUumdde2QnRiplBwCdNSL9IQMj5mI+gm1GceaCfOfpjS/UgzDGgIigpJMxF+TsTM03riuUmnx/BGz3qp+J/XjXB44sTCDyMEn6eLUEjIFmmuRBIO0IFQgMjSy4EKn3KmGCIoQRnniRglaZWSPOzZ7/+S1mHVrlWPLmvl+lmeTJHskj1SITY5JnVyQRqkSTi5Iw/kkTwZ98az8WK8frUWjHxmm/yC8fYJDeGbrA==</latexit>

fixpoint reached!

X = X [ {1}

<latexit sha1_base64="JdA2hm/0zEq5/y79Jat8vycmvWw=">AAACBHicbVC7TsNAEDyHVwgvAyXNiQiJKrJREDRIETSUQSKJpdiKzpdNOOX80N06UmSl5StooaJDtPwHBf+CbVxAwlSjmV3t7PixFBot69OorKyurW9UN2tb2zu7e+b+QVdHieLQ4ZGMlOMzDVKE0EGBEpxYAQt8CT1/cpP7vSkoLaLwHmcxeAEbh2IkOMNMGpimQ6+oQ12exNRNbXc+MOtWwypAl4ldkjop0R6YX+4w4kkAIXLJtO7bVoxeyhQKLmFecxMNMeMTNoZ+RkMWgPbSIvmcniSaYURjUFRIWojweyNlgdazwM8mA4YPetHLxf+8foKjSy8VYZwghDw/hEJCcUhzJbJKgA6FAkSWJwcqQsqZYoigBGWcZ2KSdVTL+rAXv18m3bOG3Wyc3zXrreuymSo5IsfklNjkgrTILWmTDuFkSp7IM3kxHo1X4814/xmtGOXOIfkD4+MbSMiWyg==</latexit>

f(X) = X [ {1}

<latexit sha1_base64="uNXB728EyXJTbtE0lUBE6fDNg6o=">AAACB3icbVC7TsNAEDyHVwgvQ0qaExFSaCIbBUGDFEFDGSTykGIrOl824ZTzQ3drpMjKB/AVtFDRIVo+g4J/wTYuIGGq0cyudna8SAqNlvVplFZW19Y3ypuVre2d3T1z/6Crw1hx6PBQhqrvMQ1SBNBBgRL6kQLmexJ63vQ683sPoLQIgzucReD6bBKIseAMU2loVsf1/gm9pH3q8DiiTmI786FZsxpWDrpM7ILUSIH20PxyRiGPfQiQS6b1wLYidBOmUHAJ84oTa4gYn7IJDFIaMB+0m+Th5/Q41gxDGoGiQtJchN8bCfO1nvleOukzvNeLXib+5w1iHF+4iQiiGCHg2SEUEvJDmiuRtgJ0JBQgsiw5UBFQzhRDBCUo4zwV47SmStqHvfj9MumeNuxm4+y2WWtdFc2UySE5InVik3PSIjekTTqEkxl5Is/kxXg0Xo034/1ntGQUO1XyB8bHN+Itl58=</latexit>

f1(;) = f(;) = ; [ {1} = {1}

<latexit sha1_base64="tTaWngn0tkWOY07BSqzTyF+bt18=">AAACMHicbVDLSgNBEJyNrxhfUY9eBoMQL2FXInpQCHrxGME8IBvD7KQTh8zuDjO9QljyM36CX+FVT3oQ8epXuBuDmMS6THVVNz1dnpLCoG2/WZmFxaXllexqbm19Y3Mrv71TN2GkOdR4KEPd9JgBKQKooUAJTaWB+Z6Ehje4TP3GPWgjwuAGhwraPusHoic4w0Tq5M96t07RBV/h0AAe0nPamy5/C+rySFE3dtxRKqdvJ1+wS/YYdJ44E1IgE1Q7+Xe3G/LIhwC5ZMa0HFthO2YaBZcwyrmRAcX4gPWhldCA+WDa8fjKET2IDMOQKtBUSDoW4e9EzHxjhr6XdPoM78ysl4r/ea0Ie6ftWAQqQgh4ugiFhPEiw7VI4gPaFRoQWfpzoCKgnGmGCFpQxnkiRkmeuSQPZ/b6eVI/Kjnl0vF1uVC5mCSTJXtknxSJQ05IhVyRKqkRTh7IE3kmL9aj9Wp9WJ8/rRlrMrNLpmB9fQNmUqgv</latexit>

f2(;) = f(f1(;)) = f({1}) = {1} [ {1} = {1}

<latexit sha1_base64="oD1cuYEF1Hx0nEUTYAPawxz9IWs="></latexit>



Back to commands semantics
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    [[𝗐𝗁𝗂𝗅𝖾 b 𝖽𝗈 c]]P ≜ [[𝚗𝚘𝚝 b]]P ∪ [[𝗐𝗁𝗂𝗅𝖾 b 𝖽𝗈 c]]([[c]]([[b]]P))

8585

Loops as fix points
[[ ⋅ ]] : 𝖢𝗈𝗆 → ℘(Σ) → ℘(Σ)

how do we know one solution exists? how do we know it is unique?

    [[𝗐𝗁𝗂𝗅𝖾 b 𝖽𝗈 c]] ≜ λP . [[𝚗𝚘𝚝 b]]P ∪ [[𝗐𝗁𝗂𝗅𝖾 b 𝖽𝗈 c]]([[c]]([[b]]P))

looking for fixpoint 

  ( ) = fix [[𝗐𝗁𝗂𝗅𝖾 b 𝖽𝗈 c]] ≜ Γ [[𝗐𝗁𝗂𝗅𝖾 b 𝖽𝗈 c]] Γ

     [[𝗐𝗁𝗂𝗅𝖾 b 𝖽𝗈 c]] ≜ (λφ . λP . [[𝚗𝚘𝚝 b]]P ∪ φ([[c]]([[b]]P))) [[𝗐𝗁𝗂𝗅𝖾 b 𝖽𝗈 c]]
    Γ ≜ λφ . λP . [[𝚗𝚘𝚝 b]]P ∪ φ([[c]]([[b]]P))
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  fix [[𝗐𝗁𝗂𝗅𝖾 b 𝖽𝗈 c]] ≜ Γ     Γ ≜ λφ . λP . [[𝚗𝚘𝚝 b]]P ∪ φ(([[c]] ∘ [[b]])P)
domain is           (a CPO with bottom!)℘(Σ) → ℘(Σ)
bottom element: ⊥ = λP . Ø

fixpoint: ⨆
n

Γn( ⊥ )

 =  = 

 =  =  =  

 =  =  =   

 =  =  =     




 =  =  =     

φ0 Γ0( ⊥ ) ⊥ = λP . Ø
φ1 Γ1( ⊥ ) Γ(φ0) λP . [[𝚗𝚘𝚝 b]]P
φ2 Γ2( ⊥ ) Γ(φ1) λP . [[𝚗𝚘𝚝 b]]P ∪ [[𝚗𝚘𝚝 b]](([[c]] ∘ [[b]])P)
φ3 Γ3( ⊥ ) Γ(φ2) λP . [[𝚗𝚘𝚝 b]]P ∪ [[𝚗𝚘𝚝 b]](([[c]] ∘ [[b]])P) ∪ [[𝚗𝚘𝚝 b]](([[c]] ∘ [[b]])2P)
⋯
φn+1 Γn+1( ⊥ ) Γ(φn) λP . [[𝚗𝚘𝚝 b]]P ∪ ⋯ ∪ [[𝚗𝚘𝚝 b]](([[c]] ∘ [[b]])nP)

 is continuous (proof omitted)Γ

Loops as fix points
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  fix [[𝗐𝗁𝗂𝗅𝖾 b 𝖽𝗈 c]] ≜ Γ

fixpoint: ⨆
n

Γn( ⊥ ) where:  =  

                                    

                                        

                                    

Γn+1( ⊥ ) λP . [[𝚗𝚘𝚝 b]]P
∪ [[𝚗𝚘𝚝 b]](([[c]] ∘ [[b]])P)

⋯
∪ [[𝚗𝚘𝚝 b]](([[c]] ∘ [[b]])nP)

 =  

                        

                           

                        

(Γn+1( ⊥ )) P [[𝚗𝚘𝚝 b]]P
∪ [[𝚗𝚘𝚝 b]](([[c]] ∘ [[b]])P)

⋯
∪ [[𝚗𝚘𝚝 b]](([[c]] ∘ [[b]])nP)

    Γ ≜ λφ . λP . [[𝚗𝚘𝚝 b]]P ∪ φ(([[c]] ∘ [[b]])P)
Loops as fix points
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  fix [[𝗐𝗁𝗂𝗅𝖾 b 𝖽𝗈 c]] ≜ Γ

 =  = [[𝗐𝗁𝗂𝗅𝖾 b 𝖽𝗈 c]]P (⨆
n

Γn( ⊥ ))P (⨆
n

(Γn( ⊥ )) P)
= ⋃

n

[[𝚗𝚘𝚝 b]](([[c]] ∘ [[b]])nP)

=  [[𝚗𝚘𝚝 b]] ⋃
n

(([[c]] ∘ [[b]])nP)

    Γ ≜ λφ . λP . [[𝚗𝚘𝚝 b]]P ∪ φ(([[c]] ∘ [[b]])P)

we can stop when   
k+1

⋃
n=0

(([[c]] ∘ [[b]])nP) ⊆
k

⋃
n=0

(([[c]] ∘ [[b]])nP)

Loops as fix points
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Example
  [[𝗐𝗁𝗂𝗅𝖾 x > 0 𝖽𝗈 x := x − 1]] (x > 1)

=   [[x ≤ 0]] ⋃
n

([[x := x − 1]] ∘ [[x > 0]])n (x > 1)

  = 
0

⋃
n=0

([[x := x − 1]] ∘ [[x > 0]])n (x > 1) (x > 1)

  = 
1

⋃
n=0

([[x := x − 1]] ∘ [[x > 0]])n (x > 1) (x > 0)

  = 
2

⋃
n=0

([[x := x − 1]] ∘ [[x > 0]])n (x > 1) (x ≥ 0)

  = 
3

⋃
n=0

([[x := x − 1]] ∘ [[x > 0]])n (x > 1) (x ≥ 0)

  =  = [[𝗐𝗁𝗂𝗅𝖾 x > 0 𝖽𝗈 x := x − 1]] (x > 1) [[x ≤ 0]](x ≥ 0) (x = 0)



Questions



Question 1
Let 

and let 

What is  ?

c ≜ (z := x) + (z := y)
P ≜ (x = y = 0)
[[c]]P

(x = y = z = 0)



Question 2
Let 

and let 

What is  ?

c ≜ 𝗂𝖿 x < y 𝗍𝗁𝖾𝗇 x := y 𝖾𝗅𝗌𝖾 (𝗐𝗁𝗂𝗅𝖾 𝗍𝗋𝗎𝖾 𝖽𝗈 𝗌𝗄𝗂𝗉)
Q ≜ (x = y = 0)
wlp(c, Q)

(x ≥ y ∨ y = 0)


